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Abstract 

In this article, we construct the reduced genus-two Gromov-Witten invariants for certain 
almost Kdhler manifold {X,uj,J) such that J is integrable and satisfies some regularity condi- 
tions. In particular, the standard projective space (P", wq, Jo) of dimension n < 7 satisfies these 
conditions. This invariant counts the number of simple genus-two J -holomorphic curves that 
satisfy appropriate number of constraints. 
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1 Introduction and main results 

This article is devoted to a study on the reduced genus- two Gromov-Witten invariants. 

In symplectic topology and algebraic geometry, Gromov-Witten invariants are rational numbers 

that, in certain situations, count pseudo holomorphic curves satisfying prescribed conditions in a 

given symplectic manifold. These invariants have been used to distinguish symplectic manifolds. 

They also play a crucial role in enumerative algebraic geometry and were inspired by the closed 
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type IIA string theory. An early form of the invariants was used by Gromov in |G] (also see |Mlj ) 
to obtain important results on symplectic manifolds. The genus zero Gromov- Witten invariants for 
semi-positive symplectic manifolds were first studied by Ruan in distinguishing symplectic manifolds 
in [Rlj and |R2j . The first general construction of the Gromov- Witten invariants were constructed 
by Ruan and Tian in |RTlj and |RT2j for semi-positive symplectic manifolds. They constructed 
these invariants by using solutions of the inhomogeneous Cauchy-Riemann equation. The invariants 
with fixed marked points also arose in the context of sigma models and were considered by Witten in 
|W] in early 90's. Later, in [KM] , Kontsevich and Manin formulated the Gromov- Witten invariants 
in a more algebraic setting. In 1995/1996, using the new technique of virtual cycle constructions, 
the Gromov- Witten invariants were constructed for general algebraic manifolds first by Li-Tian 
[LTlj and then for general symplectic manifolds by Fukaya-Ono [FOj . Li-Tian |LT2j . Siebert |SiJ 
and Ruan [R3| . 

Let (X, uj) be a compact symplectic manifold of dimension 2n. The Gromov- Witten invariants 
are given as homomorphisms 

To construct them, let J be an almost complex structure on X which is tamed by uj. In this case 
{X,uj,J) is called a almost Kahler manifold. For A G H2{X,Z) and a pair {g,k) of nonnegative 
integers, denote by Ttg^ki^, A; J) the moduli space of equivalence classes of stable J-holomorphic 
maps from nodal genus-(7 Riemann surfaces with k marked points in the homology class A. This 
determines a rational virtual fundamental class of dimension 

dimM^J(X,A) = dim"'^Mg,fc(X,^) = 2{ci{TX), A) + 2{n - - g) + 2k. (1.1) 

Then one can pull back cohomology classes on X and integrate them against the virtual fundamental 
class to get the invariants. 

Denote by k(-^^ ■-^) subspace of 9Jtg_fe(X, A; J) consisting of stable maps [C, u] whose 
domain C is a smooth Riemann surface of genus g. If (P",cj0) Jo) is the complex projective space 
of complex dimension n with the standard Kahler structure and i is the homology class of a 
complex line in P", the space 9Jl^^(P", d) = j,(P", d^; Jq) is a smooth orbifold of dimension 
dimM"g]l{¥'',de) at least for d > 2^ - 1. Moreover, Mo,fc(P", d) = Mo,fc(P", di, Jq) is a compact 
topological orbifold stratified by smooth orbifolds of even dimensions and 9JIq^(P"', d) is its main 
stratum. In particular, S[Rq^(P"', d) is a dense open subset of Tlo,k{F"', d). 

When 5 > 1, the moduli space 9Jtg^fc(P", d) has many irreducible components of various di- 
mensions. In particular, SrR°fc(P", d) is not dense in 9Kg,fc(P", d). In fact, some components of 
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SPtg_fc(P", d) have dimensions strictly larger than dimWlg f.{¥^,d£). Thus in general we can not use 
the space 9Jt^ ,fc(X, A; J) directly to define Gromov-Witten invariants. 

In |Z3] . A. Zinger constructed the reduced genus-one Gromov-Witten invariants for (X,uj,J) 
under some regularity conditions which are satisfied for the standard (P", ujq, Jq). In fact, he proved 
that the closure ^)Jl^ fe(^i ^5 of the subspace OJl^ f.{X, A; J) in OJli^fc(X, A; J) has the structure of 
a compact topological orbifold stratified by smooth orbifolds of even dimensions and DJt^ A; J) 
is the main stratum of f.{X , A; J) . Thus one can use the space Tl^ )^{X , A; J) to define the 
reduced genus-one Gromov-Witten invariants. 

For the higher genus case, the space 97lg^fc(X, j4; J) has many more irreducible components 
with dimensions strictly larger than dim dJl^g^ J. {X , A) . Thus in order to define the reduced genus- 
g Gromov-Witten type invariants, one need to construct a suitable subspace of ^!Olg^k{X, A; J) 
containing 9Jt^ i^iX, A; J) which has better properties, eg. it represents a pseudocycle of the desired 
dimension. Moreover, the newly defined invariants should have precisely geometric meaning, eg. it 
counts the number of simple genus-g pseudo holomorphic curves that pass appropriate number of 
constraints. 

It is well-known from algebraic geometry that 9Jl2 k(^^^ ^) smooth of expected dimension for 
d>3 and its complement in 9Jl2fc(IP'"i d) is certainly of complex codimension at least one. While 
for general symplectic manifolds, this may not be true. In order to derive a structure analogous to 
the moduli space fcC^P", d), we introduce the following regularity conditions: 

If u : C ^ X is a smooth map from a Riemann surface and A £ H2 {X, Z) , we write 

u <uj A if u^:[C] = A or {to , u^:[C]) < {u , A) . 

Definition 1.1. Suppose {X,uj, J) is a compact almost Kdhler manifold such that J is integrable 
and A £ H2{X, Z). Then complex structure J is A-regular if the following hold: 

(i) For every J -holomorphic map u : — > X such that u <oj A, we have H^{F^ ,u*TX) = 
and H'^{F^,u*TX (E)Opi{-l)) =0. 

(a) For every nonconstant J -holomorphic map u -.F^ ^ X such that u A, we have 
(ii-a) H\F\u*TX (g) Opi(-2)) = 0; 

(ii-b) if there exists z G P^ such that du{z) = 0, then H^{F'^,u*TX ® C'pi(-3)) = 0; 
(ii-c) if there exist zi,Z2 S P"^ such that z\ ^ Z2 and u{zi) = u{z2), then H^{F^ ,u*TX (8) 
Opi(-3)) = 0; 

(ii-d) if there exists z gF'^ such that du{z) = 0, then either H^{F^, u*TX (g) C'pi(-4)) = or 
u factor through a branched covering u : S"^ ^ X , i.e., there exists a holomorphic branched covering 
(/) : 5^ — > 5"^ such that u = uo (j) and deg{(j)) > 2; 
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(ii-e) if there exist zi, Z2 G F-*- such that zi 7^ Z2 and u{zi) = u{z2), then either H^(F^,u*TXiS) 
Opi(— 4)) = or n factor through a branched covering u : ^ X as (ii-d). 

(Hi) For every nonconstant J -holomorphic map u ^ X such that u <(j A, we have 
(iii-a) H^{T^,u*TX) = and H^{T^,u*TX (g) Ot2{-1)) = 0; 

(iii-b) either H^{T'^ ,u*TX (8) Ox'i{—'2,)) = or u factor through a branched covering u : 
T, ^ X, i.e., there exists a holomorphic branched covering : — > E such that u = u o cf) and 
deg{(f>) > 2. 

(iv) For every nonconstant J -holomorphic map n : S ^ X from a smooth Riemann surface 
of genus two such that u <a, A, either H^[T,,u*TX) = or u factor through a branched covering 
u : Ti' ^ X, i.e., there exists a holomorphic branched covering : S — > S' such that u = uo cj) and 
deg((^) > 2. 

(v) For every pair of nonconstant J -holomorphic maps ni,n2 : — ^ X such that ui,U2 <uj A, 
we have: 

(v-a) for all zi,Z2 G P^, satisfying "^1(2:1) = U2{z2) and du2{z2) = Xdui{zi) for some A G 
C\{0}, one of the following holds: H^{¥'^ ,ulTX ® Ojpi{-3)) = 0, iJ^P^, it^TX (g) Cpi (-3)) = 0, 

Ul(P^) = U2{F^). 

(v-b) for all zi, z'^, Z2, z'2 G P"^ and zi / z[, Z2 / z'2 satisfying 1*1(21) = U2{z2), ui{z']) = ^2(^2)' 
one of the following holds: i?i(P\ «|TX Opi (-3)) = 0, ifi(pi, u^TX (g) Cpi(-3)) = 0, ui{V^) = 

U2(P^). 

It is well-known that the standard complex structure Jq on P" satisfies the above regularity 
conditions. 

For any almost Kahler manifold {X,oj, J), let N = inf{(ci(rX), n*[S]) : dju = 0, u*[S] ^ 0}, 
where S is a smooth Riemann surface of genus at most one. 
The following are main results in this paper: 

Theorem 1.2. Suppose {X,uj,J) is a compact almost Kahler manifold such that J is inte- 
grable, A G H2{X, Z) \ {0} and the complex structure J is A-regular in the sense of Definition 1.1. 
Denote the closure of the space ^^j,{X,A,J) in 9JJ2,fe(X, ^4, J) under the stable map topology by 
9712 fc(^) ^) J)- Then one of the following must hold: 

(i) An elem.ent b = [C, u] G M^,fc(X, A, J) \ ml^^{X, A, J) if and only if {D^j^h, D[%}hien 
satisfy a set of linear equations, where D^^b denotes the covariant derivative ofu^. of order I at the 
corresponding nodal point of C with respect to some metric on Sp and X, is a set consisting of 
certain irreducible components ofC, and k is at most 3. In particular, Wt^ i,{X, A, J)\W^ j^{X, A, J) 
is a smooth orbifold of dimension at most dim S^'^ (X, ^4) — 2 in a neighborhood of [C,u\. 
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(ii) An element b = [C, u] G k{X, A, J) \ dyt!^ f^{X , A, J) must satisfy: there exists bi = 
[Ci, ui] G 9}Tg^fc(X, ^1, J) and ^2 = [C2, ^2] G T]^ q{X, A2, J) such that u{C) = ui{Ci), g < I, and 
A — Ai = mA2 7^ 0, where m is a positive integer. 

Theorem 1.3. Under the assumption of Theorem 1.2, suppose dimX = 2n < min{A^ + 6, 2N + 
6}. Then the evaluation map 

ev : ^ J) ^ X'' 

represents a pseudocycle of dimension dim 50^2*1; ^); which can be used to define the reduced 
genus-two Gromov-Witten invariants GWg'^ {A; •) for {X,lo, J). 

Theorem 1.4. Under the assumption of Theorem 1.3, suppose (/zi, . . . , /x^) is a k-tuple of 
proper submanifolds of X of total codimension dim^M^kiX , A) in general position. Then the in- 
variant GW2'^(^; (/xi, . . . , fik)) counts the signed number of simple (cf. ^2.5 of ]M9i ) genus-two 
J -holomorphic curves with smooth domains that pass {fii, . . . ,fJ-k)- 

Remark 1.5. The proof of Theorem 1.2 is based on understanding the conditions under which 
a stable map [C, u] lies in Wt^ ki-^^ ^) '^)- The precise description of these conditions are contained 
in §5 and §6. In the genus one case, the conditions were found in [Z3j. We beheve that the reduced 
genus-two Gromov-Witten invariants are closely related to the standard genus-two Gromov-Witten 
nvariants. We are going to study their relation in a separate paper. 

In this paper, let N, Nq, Z, Q, M, and C denote the sets of natural integers, non-negative 
integers, integers, rational numbers, real numbers, and complex numbers respectively. 
Acknowledgements. I would like to sincerely thank Professor Gang Tian for introducing me to 
Symplectic geometry and for his valuable helps to me in all ways. I would like to say that how 
enjoyable it is to work with him. 

2 Structure of the moduli space ^Xft2^k{X, A, J) 

In this section, we study the structure of the moduli space 9n2,fc(X, ^4, J) and the obstruction 
bundle on it. In the following of this paper, we assume {X,A, J) satisfies the regularity conditions 
in Definition 1.1. 

An element [C, u] in 9Jl2,fc(A, ^, J) is the equivalence class of a pair consisting of a connected 
/c-pointed nodal genus-two Riemann surface C and a J-holomorphic map u : C ^ X such that 
every contracted genus-0 component of C contains at least three special points (i.e. node-branches 
and marked points) and every contracted genus-1 component contains at least one special point, 
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cf. Chapter 24 of [MirSyml . In general, one can use the associated graph Tq of C to describe [C, u] 

as in Chapter 2 of [FO] . 

In order to study the structure of the moduh space, we make the following definition: 
Definition 2.1. The principle component Sp of a stable map [C, u] in 9K2,fe(X, ^, J) is the 

union of irreducible components {Sj}i<j</ of C such that IJi<j</ ^-^ connected nodal surface 

of genus two and I is the least number satisfying this property. In other words, Sp is the smallest 

connected nodal surface in C of genus-two. 

Remark 2.2. Note that by Definition 2.1, C is obtained from Sp by attaching bubble trees, 

(cf. §3 below). It is easy to see that Sp belongs to one of the following cases: 

(i) A smooth Riemann surface of genus two. 

(ii) Two smooth tori and a set of spheres. 

(iii) A torus with only one node. 

(iv) A smooth torus and a set of spheres, they together contains exactly one circle. 

(v) A set of spheres contain exactly two circles. 

We illustrate each case in the following propositions separately. 

In the following, we denote by rinod the number of nodes in C and DJIt{X, A, J) the stratum of 
9Jl2,fc(X, A, J) of type T, where T is the combinatorial type of [C,u] as in Chapter 2 of |F0] . 
By (iv) in Definition 1.1, we have the following: 

Proposition 2.3. The muduli space 9n2'^*™'^(X, A, J) consisting of simple genus-two J -holomorphic 
curves with smooth domains is a smooth orbifold with the desired dimension dim^^*^(X, A). | 

In the following, we separate our study into several cases according the behavior of a stable 
map [C, v\ in 9Jl2,fc(X, ^, J) restricted to its principle component Sp. 

Proposition 2.4. Suppose the principle component Sp of a stable map [C, n] in ^2,k{^^ J) 
is described in (i) of Remark 2.2, i.e., Sp is a smooth Riemann surface of genus two. Then we 
have the following: 

(i) If u\y,p / const and H^{T.,u*TX) = 0, then mT{X,A,J) is a dimM^*fc(X,A) - 2nnod 
dimensional smooth orbifold. 

(ii) If u\y,p 7^ const and H^{Yl,u*TX) ^ 0, then u\^p factor through a branched covering 
u : T,' ^ X , i.e., there exists a holomorphic branched covering (j) : Sp S' such that u\y,p =uo(j) 
and deg((/)) > 2. 

(iii) Ifu\j]p = const, thendJlT^X, A, J) is a dimm2k{X,A) + 2{2n 

~ iT'nod) dimensional smooth 

orbifold. 



6 



Figure 2.1: Domains in Propositions 2.4 and 2.5 

Proof. The proposition follows from (i) and (iv) in Definition 1.1 and the implicit function 
theorem. For the reader's convenience, here we give the proof of (iii). We prove the simplest case, 
the general case follows similarly. Suppose there are m bubbles {Ci}i<i<m attached directly to Sp 
and Ui = u\ci is non-constant for \ < i < m. Then there is a natural isomorphism 

mix, A, J) (2.1) 

= iyM2,ko+m X |n^o,fc,+i(-'^)^i'<^) : evk^j^i{ui) = evk^+i{uj), 1 < i,j < j Sm, 

where Mg,i denotes the moduli space of smooth Riemann surfaces of genus g with / marked points. 
kf) denotes the number of marked points on Sp and ki denotes the number of marked points on Ci 
for 1 < i < m. In particular, we have YliLo — ^- ^« ^ H2{X, Z) and Yl^i — ^- ^''^h+iiui) is 
the evaluation map of Ui at the {ki + l)-th marked point. Sm is the permutation group of order m. 
By (i) of Definition 1.1, the evaluation map 

m 

evk,+i X • • • X evk^+i : J] {X, A,J)^ X™ 

1=1 

is transversal to the diagonal A = {{x, . . . ,x) £ X"^}. Hence the right hand side of (j2.ip is a 
smooth orbifold by the implicit function theorem. By the index theorem, we have 

m 

dimaJtT(-^,-4, J) = dimA42,fco+m + ^dimSrRo fc^+i(X,^j, J) - codimA 

i=l 
m 

= 2(3 + /Co + m) + ^ 2{{ci{TX),Ai) + n-3 + k, + l)- 2n{m - 1) 

i=l 

= 2{{ciiTX),A) + k + 3 + n-m) = dimS5^*fc(X, ^) + 2(2n - m). 



Hence (iii) holds in this case. The general case follows by a similar argument: once there is one 
more node, the dimension decreases by 2. The proof of the proposition is complete. | 

Proposition 2.5. Suppose the principle component T,p of a stable map [C, u] in 93t2,fe(X, A, J) 
is described in (ii) of Remark 2.2, i.e., it consists of two smooth tori Ti and T2 and a set of spheres 
{Si}i<i<i. Then we have the following: 

(i) //deg(«|rj) 7^ and deg(ti|T2) / 0, then 9Hr(-^,^, J^) is a dim M^'^ (X, ^4) — 2nnod dimen- 
sional smooth orhifold. 

(a) //deg(n|Ti) = o^f^d deg(it|T2) 7^ or deg(ii|Ti) / and deg(ii|r2) = 0, then ^, J) 

is a dim^^*^(X, A) +2{n — Unod) dimensional smooth orhifold. 

(iii) If (^.eg{u\T■^) =0 and deg('u|T2) = 0, then dJtriX, A, J) is a dimdJt2^l.{X , A) + 2(2n — Unod) 
dimensional smooth orbifold. 

Proof. The proposition follows from (i) and (iii-a) in Definition 1.1 and the implicit function 
theorem. ■ 

Proposition 2.6. Suppose the principle component T,p of a stable map [C, u] in 93t2,fe(-X', A, J) 
is described in (iii) of Remark 2.2, i.e., a torus with only one node. Let (T^, 2:1,2:2) he the normal- 
ization of Tip. Then we have the following: 

(i) Ifu\Y,p / const andH^{T^,u*TX(g)OT2{-zi-Z2)) = 0, thenMriX, A, J) is adiraM^'l^X, A)- 
2nnod dimensional smooth orhifold . 

(ii) If u\y,p / const and H^{T'^ ,u*TX ® Oj'2{—zi — Z2)) / 0, then u\j^p factor through a 
branched covering u : T,' X, i.e., there exists a holomorphic branched covering (f. : r2 ^ S' such 
that n|sp =uo(f) and deg{(f)) > 2. 

(iii) Ifu\j:p = const, then SDTr(-X', A, J) is a dimM^^^(X, A) -\- 2(2n — Unod) dimensional smooth 
orbifold. 

Proof. The proposition follows from (i) and (iii-b) in Definition 1.1 and the implicit function 
theorem. ■ 

Proposition 2.7. Suppose the principle component T,p of a stable map [C, u] in Tl2,k{X, A, J) 
is described in (iv) of Remark 2.2, i.e., a smooth torus T, = Sq together with a set of spheres 
{Si}i<i<i and O = {Si^, . . . , Si^} C {So,...,^/} form a circle. Let Ai = ti*[5o] and A2 = 
X]jef2\5() ^* i'^i] ■ Then we have the following: 

(i) If Ai ^ and A2 7^ 0, then dJlriX, A, J) is a dim S[)t2*^ (X, yl) — 2nnod dimensional smooth 
orbifold. 

(ii) If Ai = and A2 7^ 0„ then ^)}It{X,A, J) is a dim^^^^(X, ^) + 2(n — n^od) dimensional 
smooth orbifold. 
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Figure 2.2: Domains in Propositions 2.6 and 2.7 

(in) If Ai / 0, = and Sq ^ n, then mT{X,A,J) is a dimSai2j(X, A) + 2{n - n„od) 
dimensional smooth orbifold. 

(iv) If Ai / 0, ^2 = and Sq € Zei {21,2:2} = SoCi Ep \ ^o, then we have: 

(iv-a) IfH^{So,u*TX^Oso{-zi-Z2)) = 0, thendJlriX, A, J) is a dimM^'l{X,A)-2nnod 
dimensional smooth orbifold . 

(iv-b) If H^{So, u*TX (g) Oso{—zi — Z2)) 7^ 0, then u\sq factor through a branched covering 
u :T! ^ X, i.e., there exists a holomorphic branched covering (f) : Sq ^ T,' such that u\so = uo cj) 
and deg{(f)) > 2. 

(v) If Ai = = A2, then 97lr(-^, A, J) is a dim^l^*^(X, A) + 2(2n — nnod) dimensional smooth 
orbifold. 

Proof. The proposition follows from (i), (ii-a), (ii-c), (iii-a) and (iii-b) in Definition f.f and 
the implicit function theorem. The simplest case that the domain C is a smooth torus T, = Sq and 
only one sphere Si with Sq & Q 01 Sq ^ Q are illustrated in Figure 2.3. | 

Proposition 2.8. Suppose the principle component Ep of a stable map [C, u] in Tl2^kiX, A, J) 
is described in (v) of Remark 2.2, i.e., a set of spheres {Si}\<i<i and ili = {S'j^, . . . , ^j^} and 
^2 = {S'ji, . . . ,Sj^\ form two circles. Then we have the following: 

Case 1. If^iC CI2, we let Ai = J2ieni and A2 = J2ien2\cii '"-A'^il- Then we have 

(i) If Ai ^ and A2 7^ 0, then d}lT{X, A, J) is a dimM^*^(X, A) — 2nnod dimensional smooth 
orbifold. 

(ii) If Ai = 0, A2 ^ 0, then 9JIt(-X', A, J) is a dimW^^J.{X , A) + 2(n — nnod) dimensional smooth 
orbifold. 
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Figure 2.3: Domains for So E Q and So ^ Q in Proposition 2.7 



(Hi) If Ai ^ 0, A2 = 0, then one of the following holds: 

(iii-a) ^t{X, A, J) is a dim M^*^ (X, vl) — 2nnod dimensional smooth orbifold . 

(iii-h) There exists iq G such that Ai = 'u*[sig] and u|5.^ factor through a branched 
covering u : S'^ ^ X, i.e., there exists a holomorphic branched covering (j) : Si^ ^ S"^ such that 
u\Sig =uo(j) and deg(^) > 2. 

(iii-c) There exist 11,12 £ ^1 such that Ai = u^[Si^] +u^[Si2] and Ui^{Si^) = Ui^{Si^). 

(iv) If Ai = = A2, then ^)}It{X, A, J) is a dim^^'^(X, A) + 2(2n — Unod) dimensional smooth 
orbifold. 

Case 2. // ili \ / and O2 \ Oi / hold, Let Ai = X)ief2i ^* i^il ""■^ ^2 = Z^ieHaVai i'^i] ■ 
Then we have the following: 

(v) If Ai 7^ and A2 7^ 0, then ^t{X,A, J) is a dim St)t2*A: ^) ~ "^i^nod dimensional smooth 
orbifold. 

(vi) IfAi ^ 0, ^2 = and^i^^^ u*[Si] = 0, thenmT{X,A, J) is adimmt^J(X,y4)+2(ra-ra„od) 
dimensional smooth orbifold. 

(vii) IfAi ^ 0, ^2 = and E^en^ ^*[Si] + 0, 
then one of the following holds: 

(vii-a) ^}}lT{X,A,J) is a dim^^'^(X, ^) — 2nnod dimensional smooth orbifold . 

(vii-b) There exists zq G ^1 such that Ai = u^:[sig] and u\si^^ factor through a branched 
covering u : S"^ ^ X, i.e., there exists a holomorphic branched covering (p : Si^ —>■ S'^ such that 
u\si =uo(p and deg(^) > 2. 
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Figure 2.4: Domains in Cases 1 and 2 of Proposition 2.8 

(vii-c) There exist ii,i2 G f^i such that Ai = n*[5jj + n*[5j2] and Ujj(S'jJ = Ui^{Si^). 
(viii)IfAi = = A2, thenTlT{X,A,J) is a dimm2kiX, A) + 2{2n 

~f^nod) dimensional smooth 

orbifold. 

Proof. The proposition follows from (i), (ii-a), (ii-d) and (v-b) in Definition 1.1 and the 
implicit function theorem. The simplest case that the domain C are exactly two sphere and S2 
are illustrated in Figure 2.5. | 

Summing up the results above, we have the following: 

Theorem 2.9. Suppose the regularity conditions in Definition 1.1 hold. Then we have the 
following: 

(i) Suppose T belongs to (i) of Propositions 2.4-2.8 or (iv-a) of Proposition 2.7 or (iii-a), (v), 
(vii-a) of Proposition 2.8. then ^t{X-, A, J) is a dim (X, ^4) — 2nnod dimensional smooth 
orbifold . 

(a) Suppose T belongs to (ii) of Propositions 2.4, 2.6 or (iv-b) of Proposition 2.7 or (iii-b), 
(iii-c), (vii-b), (vii-c) of Proposition 2.8. Denote by Ap = u*[Sp]. Then we have: there exists 
bi = [Ci, ui] eMg,fc(X,^i, J) andb2 = [C2, U2] G 971° o(^> ^2, J) such thatu{T.p) = ni(Ci), g<l, 
and Ap — Ai = mA2 7^ 0. 

(Hi) If T belongs to (ii) of Propositions 2.5 or (ii), (Hi) of Proposition 2.7 or (ii), (vi) of 
Proposition 2.8, then A, J) is a dim 9Jt2*I (^) A) —2{n — Unod) dimensional smooth orbifold. 

(iv) If T belongs to (Hi) of Propositions 2.4-2.6 or (v) of Proposition 2.7 or (iv), (viii) of 
Proposition 2.8, then TIt{X, A, J) is a dimMa ^(X, A)-2{2n 

~iT-nod) dimensional smooth orbifold. 
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Figure 2.5: Domains for (i) and (v) with exactly two spheres in Proposition 2.8 



Note that for the special case {F",ujq, Jq), we have 

Theorem 2.10. Suppose d > 3, then each stratum 9JtT(P", d) o/ 9Jt2,fc(P", d) is a smooth 
orbifold. More precisely, we have the following: 

(i) IfT belongs to (i) of Theorem 2.9, then dim9JtT(P", d) = dimM^'fc(P", d^) - 2nnod- 

(ii) IfT belongs to (ii) of Theorem 2.9, then dim9Jlr(P'', d) = dimMs'^CP", d^)+2(n-l-n„od). 
(Hi) IfT belongs to (Hi) of Theorem 2.9, then dim9JlT(P'', d) = dim5a^*fc(P", d^) + 2(n - n„od)- 
(iv) IfT belongs to (iv) of Theorem 2.9, ^/len dimOTrlP", d) = dimml'l{F'',d£)+2{2n-nnod)- 
Proof. It remains to prove (ii). We only prove the case that Sp is smooth, the proof can 

be generalized to the case that Sp is not smooth. It is sufficient to show that the muduli space 
971° ;,(P", 2) is a smooth orbifold of dimension 4n + 8 + 2/c = dimM^*fc(P", 2£) + 2(n - 1). 

By Castelnuovo's bound (cf. P116 of [SCGH]), the image of each [C, u] G 9Jt^ ;,(P",2) in P" 
has genus zero. Hence it must factor through a degree-one map n : 5^ ^ P", i.e., there exists a 
holomorphic branched covering : S ^ such that 

u = uo(t>, deg((/)) = 2. (2.2) 

Thus there is a natural identification of 

97t°,(P",2) -aJtOo(PM) xaJl°fc(P\2). (2.3) 

In fact, the first factor describes the position of im(n) in P" and the second factor describes the 
branched covering from S to 5^. 
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By the index theorem, we have 

dimgjl^^fc(P",2) = dimaJt[J_o(IP">l) +dim9Jt^fc(P\2) 
= 4n - 4 + 12 + 2/c = 4n + 8 + 2A;. 

Note that in the last equahty, we have used the fact that 

h'^{j:,o{(I)*t¥^)) ^ /i"°(E,c'(0*rp^)* ETs)* = H^{^,o{-2)y = o. 

for any (j) G ^(P^, 2). Thus the hnearization of the (9-operator for the bundle (j)*T¥^ 

: r(E, (j)*TF^) r(E, A°'^T*S ® (/.*TP^) 

is surjective. Hence ^2 fc(^^' 2) ^ smooth orbifold of dimension 12 by the index theorem and the 
implicit function theorem. Clearly the smooth case has a rather simple proof: every degree 2 map 
from a smooth genus 2 curve to P" is a double cover of a line; such a double cover is determined 
by 6 points on the line, and the dimension of G(2, n + 1) is 4(n — 1). | 

Note that the linearized operator of the 9-operator at [C, u] G dyi2,k{^, A, J) is not surjective 
in general. Hence we need to study the obstructions H^{C, u*TX). We have the following: 

Theorem 2.11. Suppose the regularity conditions in Definition 1.1 hold, then the obstruction 
at [C, n] G ^, J) is one of the following cases: 

(i) IfT belongs to (i) of Theorem 2.9, then HI{C,u*TX) = 0. 

(ii) IfT belongs to (ii) of Theorem 2.9, then H^{C,u*TX) = cokeiDu- 
(Hi) IfT belongs to (Hi) of Theorem 2.9, then H1{C,u*TX) ^ C". 
(iv) IfT belongs to (iv) of Theorem 2.9, then H^{C,u*TX) = C^". 

Proof. It follows directly from the regularity conditions in Definition 1.1. The proof for the 
special case (P", wq, Jq) is given below. The proof of the general case is the same. | 
Note that for the special case (P"',u;o, Jo)) we have 

Lemma 2.12. (cf. Corollary 6.5 of [ZTj) Let Ti be a smooth Riemann surface. If u : T, ^ F"^ 
is a holomorphic map, then the linearization of the d-operator for the bundle u*TP" 

Du : r(s, u*rp") ^ r(s, a°'1t*s ® u*tp") 

is surjective provided d + x(^) > 0, where d is the degree of u. 

Lemma 2.13. Let T, be a smooth Riemann surface. If u : T, ^ ¥^ is a holomorphic map of 
degree d, then for any tuple of pairwise distinct points {po, . . . ,pi} G S'"*'^, the map 

(^«:kerD,^ r,(p„)P", ^^'KO = iCiPo) , C{Pi) , ■ ■ ■ , C{pi)) 

0<m<l 
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is surjective provided d + x(S) > Z + 2. 

Theorem 2.14. Suppose d > 2, then the obstruction at [C, u\ G SDTr(IP", d) is one of the 
following cases: 

(i) IfT belongs to (i) of Theorem 2.10, then iJl(C, u*rP") = 0. 

(ii) IfT belongs to (ii) of Theorem 2.10, then H^{C,u*TF'') ^ C"-^ 
(Hi) IfT belongs to (Hi) of Theorem 2.10, then H^{C,u*TF") ^ C". 
(iv) IfT belongs to (iv) of Theorem 2.10, then H^{C,u*T¥'') ^ C^". 

Proof. Note that any [C, u] G Tl2,k{^"'j d) is obtained from an element in OJItp (P", deg(n|2p)) 
by attaching bubble trees. While there are no obstructions for attaching bubble trees. Thus the 
obstructions comes from usp = u\j:p. 

By the proof of Propositions 2.4-2.8, the operator is surjective when T belongs to (i) of 
Theorem 2.9. Hence (i) holds. 

We prove (ii) as follows. By Propositions 2.4-2.8, when T belongs to (ii) of Theorem 2.9, we 
must have deg('u|sp) = 2 and we can write 

ojItpO^'', 2) ^ ang,o(P", i) x ^tp{^\ 2). (2.4) 

First we consider the case that Sp is smooth. In this case, any [C,u] in 5JtTp(IP"') 2) must factor 
through a degree-one map u : S"^ —>■ P", i.e., there exists a holomorphic branched covering : Sp — 
S'^ such that 

u = uo(j), deg{(f)) = 2. (2.5) 
Since im(2) is a line in P", it is a complex submanifold of P". We denote it by P~. Hence we have 

ul^TP- = u|^(rpi e Arpi^p„) = u*^^{T¥i e (b^I-^h^iJ, (2.6) 

where we denote by A/pi p„ the normal bundle of P~ in P" and Hpi , its decomposition into n — 1 
line bundles. Thus by Dolbeault Theorem, we have 

i/i(Ep,u£^rp") ^ //i(Sp,o(u^^rp")) 

- i^^Sp, 0{u*^^ (TPi))) ®^,'H\^p, 0{u*^^ (Hpy))) 

^ i7°(Sp,O(-2))*0®7r/i^°(Sp,C>)* ^C"-^ (2.7) 

by Kodaira-Serre duality. The proof of the other cases are similar. For the reader's conve- 
nience, here we give the proof of case (ii) in Proposition 2.6 and omit the proofs of the others. 
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Suppose Ep is a torus S with only one node and (S,xi,X2) is the normahzation of Sp. Let 
^ G LP(Sp, AO'ir*Sp n^^TP") and we want to find a G L?(Sp, n^^^TP") such that D^^^a = ^. 
Since i G AO'ir*S n|.TP"), we can find 5 G (S, u^TP") such that Du^cr = C by Lemma 

2.12. Since deg(us) = 2, we may assume = by Lemma 2.13. Hence if a exists, we must 

have a{x2) = also. We consider the short exact sequence of sheaves on S 

^ 0(n|TP" - X2)) ^ 0(u*srP" ® (-xi))^0((n|rP" ® ^ (2.8) 

where we view ©((u^TP" ® (— 2;i))2:2) as a sheaf on S via extension by (cf. p. 38 of |GH| ) . Taking 
the corresponding long exact sequence in cohomology, we obtain 

-^H\^, 0(u*2rP" (-X1 - X2)))^H\^, 0{u*j^Tr' i-xi))). (2.9) 

Note that H^{Ti, 0{u'^TF^ (gi (— xi))) = by Lemma 2.13. Thus d is surjective. Thus we have 

cokerD„j,^ ^ coker7 ^ i7^(S, ©(n^TP" (-xi - X2))) 
^ i/i(S, 0(«£(TPi) (-X1 - X2))) ©r=i'^'(S, 0{uUH^iJ ® (-X1 - X2))) 
^ i/°(S,C'(-2))*0e^j/F°(S,C')* ^C"-^ (2.10) 

The proof of (iii) is obvious and we omit it here. 

We prove (iv). Denote by T, the union of components of Sp which are mapped to constants 
such that each connected component of S has genus greater than zero. Then S contains one or 
two connected components and each one is mapped to a constant. In the second case, we can write 
S = Si U S2. Then we have 

i?i(C, u*TP") ^ 7;^(E)1P" = C^" (2.11) 

provided S is connected. Here we denote by Ti^^ the space of harmonic (0, l)-forms on S, cf. §22.3 
of [MirSym] . 

4(C, n*TP") ^ (W^'J T,,(s,)X) e (W°;i T,,(s,)X) ^ C^" (2.12) 
provided S is disconnected. Now the theorem follows. I 

3 Gluing construction 

Given a stable map [C, u] G TIt{X,A, J) C Tl2^kiX, A, J). Our goal in this section is to construct 
approximately J-holomorphic maps G j^{X, A, J) by using the gluing technique, where 
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^2 f^{X, A, J) denotes the space of equivalence classes of smooth maps from E^, ro X with k marked 
points in the homology class A and is a smooth Riemann surface of genus two depending on 
the gluing parameter v. Roughly speaking, S^, is obtained from C by replacing each attaching node 
of the corresponding two components by thin necks connecting them. Thus geometrically is 
a smooth Riemann surface of genus two, but should be viewed as a Riemann surface close to C. 
While equals to u away from the thin necks and is close to u in an appropriate sense. Thus 
Uy is J-holomorphic away from the thin necks. 

3.1 Gluing in bubble trees 

In this section, we describe the gluing construction in bubble trees. We proceed as in [Z2] and [Z3] 
in this section. Let qj\^, : C ^ S*^ C M'^ be the stereographic projections mapping the origin of C 
to the north and south poles respectively. Explicitly, we have 

We denote the south pole of 5^, i.e., the point (0, 0, —1) € M"^ by oo and Coo = dqs\oi-§^), where we 
write z = s + ii G C. We identify C with S'^ \ {oo} via the map q^. 

Definition 3.1. A rooted tree I is a finite partially ordered set satisfying: ifh,hi,h2 € / such 
that /ii, /i2 < h, either hi < /i2 or /i2 < hi holds; moreover, I has a unique minimal element 0, i.e., 
6<h for allhei = / \ {6}. 

For any h €z I, denote by i/^ € / the largest element of / which is smaller that h. We call 
i : I ^ I the attaching map of /. 

Definition 3.2. Suppose M is a finite set. A X-valued bubble tree with M-marked points is a 
tuple 

b= {M,I,x,ij,y),u), and x : I ^ \{oo}, j : M ^ I, 

y: M ^ S^\{oo}, u: I ^ C'^{S^,X) (3.2) 

such that Uh{oo) = u^^^{xh) for all h £ I. The special points on each bubble T,fi = {h} x S'^ , i.e., 
UhUl) £ '^h CLi^d {ii,xi) with ti = h together with the point {h, oo), are pairwise distinct. In addition, 
z/n/j^[S'^] = G H2{X,Z), then S/^ should contain at least three special points, u is J-holomorphic 
if its restriction to each component is. 

We associate such a tuple with a nodal Riemann surface 

= (l_\m X S^)Hei) I - (3.3) 
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where {h, oo) ~ {ih^Xh) for h I. We call Xh the attaching node of the bubble h. Clearly we obtain 
a continuous map Uf, : Sf, — > X. 

The general structure of bubble trees is described by tuples Tb = {M,I,j,A), where / and j 
are maps as described in Definitions 3.1 and 3.2, while = Uf^.i'Sh] £ H2{X,Z) for h £ I. We 
call such tuples bubble types. Denote by the space of holomorphic maps of type Tg and Tlxg 
its equivalence classes. 

For each /i G /, let 

'0, if = Vi < h; 

XTfl^='\ 1, if A / 0, and Ai = \fi < h; (3.4) 

. 2, otherwise. 

Let /9 : M — > [0, 1] be a smooth function such that 

f if t<l, 

(3(t) = l and > 0, for t e (1,2) (3.5) 

[ 1 if t>2 

and (3r{t) = (3{r~2t) for any r > 0. 

Given a bubble type Tb = {M,I,j,A), let d{TB) : / ^ M be given by 

d,{TB) = {io,Ai) + \{leM:ji=i}\ + ^dh{TB), ^iel. (3.6) 

Note that di{TB) is uniquely determined by Definition 3.1 and (13.61) . A bubble tree in (13. 2p is called 
balanced if for alH G / the following conditions hold: 

(Bl) / \dui o gAfpz + dh{TB)xh + = 0; 

(i?2) / |dn,og^|2/3(|z|) + ^4(rB)/3(|xft|) + ^/3(|yi|) = i. 

It is called completely balanced if (Bl) and (B2) hold for all i £ I. 
Denote by PSL{2,C) the group of Mobius transformations. Let 



PSL{2, C)(°) ={ge PSL{2, C) : 5(00) = 00}, ^^Ts = H ^"5^(2, C)(°) . (3.7) 

hei 

For b=iM, I, x,{j,y),u) e Ht^ and g e PSL{2,CY0\ de&ne gb = {M, I, gx,{j,gy),gu) by 

{gx)h = g^h^h, {gy)i = gjiVi, {gu)i = giUi, (3.8) 

where for a map u : S"^ ^ X and g £ PSL{2,C), we define {gu){z) = u{g~^z). 
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Let -M^l '^Tb denote the subset of completely balanced bubble trees. Then the group 
ri/ie/ '^^ ^ Aut(TB) acts on A^j'^ and all the stabilizers are finite. Then we have 

=mPJ ( n X Aut(TB) ) . (3.9) 

By Proposition 3.3 in [Z2], A^j^ is a smooth oriented manifold and then OJIt^ is a smooth orbifold. 
One may think of elements in A^^^ as good representatives of ^Tb- isici, Mj^g = ^Tb((0' 5)^)' 
where "^Tb = i^TB,i)iei ■ '^Tb ^ (C x M)^ is defined by 



\ i'h=i jl=i 



[ 1^ 

Jc 



P{\z\) + ^ dh{TB)f3{\x,\)+Y,m\) (3.10) 



and ^'t^ is smooth and transversal to every point (0, rj)jg/ such that l^j — ^| < ^ for all i G /. Let 
M^Tb = ({iO,ri)^eI ■■ n G ^) if XTsi = 1, ri = ]^ otherwise}) , (3.11) 

rfj, = mP^ X ci^i ^ mP^, rfl = X {c \ {o}}i^"i. (3.12) 

If TTj : 5^ ^ X is a normed vector bundle and 5 : X ^ M is any function, let = {v £ 'S '■ \v\ < 
6{7r:g{v))} be the (^-disk bundle. 

Now we describe the basic gluing construction in bubble trees. For each sufficiently small 
element v = (b,v) £ ^T^, where {T,f,,Ub) is an element of -MtI' Qv ■ '^v ^ '^b be the basic 
gluing map constructed in |Z2| . Let 

b{v) = {T.y,Uy), Uv=Uboqy (3.13) 

be the approximately J-holomorphic map corresponding to v. The primary marked point yo{v) 
of T,y is the point oo of S^, = 5"^. By the construction of q^, it factors through each of the maps 
qy^i : — > Sf, for i £ I. Let gb be the Riemannian metric on T,b such that its restriction to each 
component is the standard metric on S'^. By §3.3 of iZ2], We can construct a Riemannian metric 
Qy on St, such that: 

(Gl) qy : CEyjQy) — > (Sfej^f,) is an isometry (and thus holomorphic) outside of the annuli 



K.h = ({^GS,,„^:l<|r^hr^|0x,^|<2}), (3.14) 

Kh = C({^eS5,., :^<|t;,|-5|</,,.,z|<l|), (3.15) 
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where 4>xZ = z — x = qj^^{z) — qj^^{x) E C for x, z S 5^ \ {oo}. 
(G2) g^,,^ : {A^^f^, g^) {qv,iS^%h), 9b) is an isometry. 

Moreover, the map collapses / disjoint circles on X]^ and is a diffeomorphism away from 
them. These circles are mapped to the I nodal branches. Alternatively, iTi^^g^) can be viewed 
as the surface obtained by smoothing the nodes of Eft. An explicit construction of q^^i may be 
described as follows. For a rooted tree / and a tuple v = {vh)fi^} G such that Ylhei\'^^'\ 
sufficiently small, choose any ordering -< of / consistent with its partial ordering. If ii/i G C with 
< \vh\ < S, let Ph,(xh,vh) ■ Bx,S^^) = {4>XhZ < 5^} ^ C U {oo} be given by 



Ph,(.„.,)(^) = (l-/?K|(2|0.,^|))(^) (3.16) 
and define : S^g ^ U S/^ by 



1 , 



2v, (Xh,Vh) 



{h, qs{Ph,(x,„Vh){z))), if \vh\ ^\(t>XhZ\<l; 

{ih, ^xI{Pm{\(I>x,z\)^x,z)), if l<\vhr'n^x,z\<2- (3.17) 

{ifi, z), otherwise, 
where E-^h is obtained from Tb by dropping the bubble h together with all bubbles descendent 
from it. Thus qv,{xh,Vh) ^ diffeomorphism except on the circle 2 = 1 and the circle 
is mapped to the point {h,oo) = (ih^Xh)- Moreover, qv,{xh,Vh) holomorphic outside the annulus 
2 ^ I'^/il '^\(PxhZ\ ^ ^- xaKmg ^ = lu anu qy^h = qv,{xh,Vh) " qv,ih 



\ < \vh\ ^fpxhz\ < 2. Taking q n = Id and q^ h = qvJx.,v.) ° qv,ih inductively according to the 



ordering ^, we obtain q^^h for all h £ I. 

By (Gl), Uy is J-holomorphic outside A^^^- For p > 2, we define norms || • ||i,,p,i and || • 
on T{v) = L^(S^, ulTX) and r°^\v) = LP{^y, AO'^T^S ® u^TX) respectively as in §3.3 of [Z2j. 
These norms are equivalent to the ones used in |LT2j . Let Dy : T{v) — > r^'^{v) be the linearization 
of the 9j-operator at b{v). Since the linearization Di, of the (?j-operator at b is surjective by (i) 

' -0 

of Definition 1.1, if f G J'T^ is sufficiently small, Dy is also surjective. In particular, we have a 
decomposition 

r(t;)=r_(^;) e r+(?;) = {^og, : ^ g r_(6) =kerZ)4 

e {C G r(^;) : C(6, 00) = 0; (C, Ov,2 = 0, G P- (v) s.t. ^(6, 00) = 0}, (3.18) 

where (0, 00) = yoiv) is the primary marked point of Note that the choice of T^{v) is permissible 
by (i) of Definition 1.1. Moreover, the operator Dy : r+(t') T^'^{v) is an isomorphism and the 
norms of Dy and of the inverse of its restriction to r+(t>) depend only on b and not on v. Let 

7r,,_ : r(t>) ^ r_{v), 7r„,+ : T{v) ^ T+{v) (3.19) 
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be the projection maps corresponding to the decomposition ()3.18p . 

Denote by Xo m{X, A, J) the space of equivalence classes of smooth maps into X from genus 
zero Riemann surfaces with marked points indexed by the set {0} UM in the homology class A and 
by ]^^j{X, A, J) its subset consisting of those maps with smooth domains. If K C TIt^ denote 
by and the preimages of K under the projections -M^l ~^ ^^'^ -^tI ~^ 

respectively. We have the following Lemma for gluing in bubble trees. 

Lemma 3.3. (cf. Lemma 3.3 of [Z3]) For every precompact open subset K o/DJItb! there exist 
Sk,^k,Ck G <ind an open neighborhood Uk of K in Xo^m{X, A, J) such that 

-0 

(i) For all v = {b,v) € TT Qg^\j^(^Q-, , the equation 

dj exp„^ C = 0, C G r+(t;), ||ClU,p,i < ex, 

has a unique solution C,v 

(a) The map cj) : J^T^b,&k\kW ~^ ^o,{o}um(^' ^' ^ ^K, v ^ [exp^(^) Cv] is smooth. 

- — ' ~ 

(Hi) For all v = {b,v) G •^'^'b 5^1^(0); we have evo{4'{v)) = evo{b). 

(iv) For all v = {b,v) G J^T^^^gJ^^^o), we have \\Cv\\v,p,i, \\'^'^Cv\\v,p,i < Ck\v\^^^, where V'^Cv 
denotes the covariant derivative with respect to the connection defined in ^3 in \Z3^ .. 

3.2 Gluing in the principle component 

The general structure of genus-two bubble maps is described as a tuple 

T = {{h U Mp, Sp, Ap), {T^^)iei,), (3.20) 

where Sp is a nodal Riemann surface of genus- two as in Remark 2.2, Mp denotes the marked 
points on Sp, Ap G H2{X,Z) and T^ps are bubble trees defined in §3.1 for / G Ii. We denote by 
the Ii points on Sp where the corresponding bubble trees are attached. Let 

C = {^^p[_\{T^^)iei,) I ^, (Sp, xi) ~ rf, (0,oo)), V/ G h, (3.21) 

where (0, oo) is the primary marked point on S (o and is the nodal Riemann surface of genus 
zero corresponding to the bubble tree We call Sp the principle component of C. 
Note that we have a natural isomorphism 

mT{X,A,J) (3.22) 
= {{bp,{b'^'^)i^j,)emTBiX,Ap,J) X n^T(') ■evoib'^'^)=ev,,{bp), \/l e h} j Aut*(r), 
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where Tp = (/i U Mp,Tip, Ap), euo(^^'^) is the evaluation map at the primary marked point 
(0,00) and ev^{bp) is the evaluation map at the attaching node xi of the bubble tree T^'^ and 
Aut*(r) = Ani{T)/{g G Aut(T) :g-h = h,yh£ h}. Let 

mP = {ibp,{b(%^j,) E TItAX,Ap,J) X n-^?0) • e^o(&^')) = ev,,ibp), V/ E /i},(3.23) 

TWf) = {{bp, ib^%eh) e aHTp(X,^p, J) X J] M^^l : e^;o(6«) = e^;J6p), V/ E /i}.(3.24) 

Then clearly we have 9Jlr(^,^, J) = MP/{Aut*{T) x (S^)!^!), where / = Uieijp and /jj^ is the 
partially ordered set associated to the bubble tree T^p as in Definition 3.1. Let 

fpf = ^*pTTp, = e^g,^ = ^*pLh%, f{T = Up X ClA^il, (3.25) 

where vrp : Up) —>■ ^!UlTp{X, Ap, J) is the projection map, LhT^ is the universal tangent line bundle 
at the marked point for h £ Ii and J-Tp is the bundle of gluing parameters in the principle 
component. In particular, lankJ^Tp = n„od(Sp), i.e., the number of nodes in Sp. As before, let 

-0 

J^T be the subset of J-T consisting of those elements with all components nonzero. 

Now we describe the gluing construction in the principle component Sp. For each sufficiently 



small element v = {b,v) E J-T , we have 

V = (6, v) = {b, VP, vo, {v^^^}ieh) e © © (3.26) 

We smooth out all the nodes in Sp by the parameter vp. The bundle of gluing parameters in the 
principle component J^Tp over TlppiX, Ap, J) has the form 

^Tp= r,,oS,,o©r,,iE,,i, (3.27) 

a;£nod(Sp) 

where we denote by S^^o and T,x,i the two components corresponding to the node x. Here in order 
to simplify notations, we omit the use of a finite cover of ^Xpi^, Ap, J) as in |RT2j . For any 
nonzero Vx E T^fiT^xfi © Tx^i'^x,!, define the map 

^x,v, : Txfl^xfl \ {0} ^ Tx,i^x,i \ {0}, X © <^x,v^X = Vx. (3.28) 

Now let (f)xfi ■ '^xfl ~^ Txfl'^xfl and (px,! ■ '^x,i Tx^iT,x^i be holomorphic coordinates near x on 
the two components respectively. Let Ph,{x,v^) '■ {4'x,oz < 62} ^ Tx^iT,x,i be given by 

Ph,{x,v^)iz) = (1 - f3i^^\i2\(px,oz\))^x,vA(pxflz) (3.29) 
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and define 



,ix,v,) ■■ {^x,o\{\vx\~^\(l}x,oz\ < -})U (S^.,i\{|^;^r2|(/)^,iz| < 2}) ^ S^,oUS, 



xA 



by 



Qv, {x,v^){z) = < 



(0, z), 

(0' <Px})iP\v^\i\(l^xflZ\)(l)xfiZ)), 
(1> (l^x!i(.Ph,{x,v^)){z))), 

(1, z), 



if z e T.^fi\{\v:j;\~^\(j)x,ow\ <2}; 

if 1 < bxT^I'/'x.o^l < 2; 

if ^ < l^'o^r^l'Ax.o^l < 1; 
if z £T,x^i\{\vx\~^(j)x,iw\ <2}. 



(3.30) 



Note that by (|3.28p and (j3.29p . the map qv,{x,vx) is well-defined. We smooth out all the nodes in 
Sp as above and obtain qbp^vp- Then we define 



(3.31) 



to be the extension of 



bp,vp 



by identity to the bubble components. Geometrically, T,(^i„vp) is 
obtained from by replacing all the nodes in the principle component by thin necks connecting 
the corresponding two components. 

Let V = {b,v) = (6, fp, fo, be given by (|3.26p . Hi G we put 

/ \ 



(h) 



Pi{v) = b, vo,h Y\. 

V {i'G4''>:i'<i} / 

where the product term is defined to be 1 if {i' G : < i} = 0. We denote by 

X{T) = {i : Xt„W^ = 1, he h}. 



(3.32) 



(3.33) 



4 Study for MriX, A, J) in (i) of Theorem 2.9 

In the remaining of this paper, we prove the main theorem by looking for conditions under which the 
approximately J-holomorphic map [St,,M^,] E X2f.{X,A,J) can be deformed into a J-holomorphic 
map, where S„ is the smooth Riemann surface of genus two and is the approximately J- 
holomorphic map constructed below. We will separate the proof into several sections according 
to the classification of stable maps in Theorem 2.9. 

In this section we study stable maps in (i) of Theorem 2.9. In these cases we have H-^{C, u*TX) = 
by Theorem 2.10. 

Let be the Riemann surface constructed via (j3.30p in §3.2. By construction, its principle 

component is a smooth Riemann surface Yj^p^^p of genus-two and is obtained from Sfep,«p 
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by attaching bubble trees at the points {xh}heii- Foi' each h £ Ii, we identify a small neigh- 
borhood U{xh) of Xh in Sf,p,t,p with a neighborhood U{xh) of in T^fTibp^vp biholomorphicly and 
isometrically. In fact, we can choose a Kahler metric gbp,vp on Tibp^^p to be flat on each U (xh). We 
assume that all of these neighborhoods are disjoint from each other and from the n„od(Sp) thin 
necks of T^bp^vp- z £ U{xh), denote by \z — Xh\ its norm with respect to the metric gbp,vp- Then 
we define the map 

Qvo '■ ^{b,vp,vo) ^{b,vp) (4.1) 

via the formula (j3.17p by replacing the term (px^^ there hy z — Xh £ T^^Tibp^vp- Then we smooth 
out all the nodes in the bubble trees as in §3.1 to obtain 

Qvi '■ = '^{b,v) '^{b,vp,vo) (4.2) 

At last, we define 

qv = Qvp o Qvo ° Qvi ■.T.v^T.b = C. (4.3) 

By construction, is a homeomorphism outside of nnodC^b) circles of and is biholomorphic 
outside of nnodC^b) thin necks. We take 

6(w) = (Sj,, ji,,M„), where Ujj = Uboq^, (4.4) 

to be the approximately J-holomorphic map corresponding to the basic gluing map , where jy is 
the complex structure on S^. We denote by 

T{v) = LP{^y,ulTX), T^^\v) = LP(S^, A°;ir*S^ KTX), (4.5) 

the Banach completions of the corresponding spaces of smooth sections with respect to the norms 
II • \\v,p,i and II • ll-y^p induced from the basic gluing map as in |Z2j . Let 

T^{v) = {{^oq,):^£ r_(6) = keri^a C r{v) (4.6) 

and r_(_(f) the (L^, f )-orthogonal complement of r_(u) in T{v). Let tt^, ± be the {L^, u)-orthogonal 
projections onto r-|-(u) respectively. 

The following is the main theorem in this section. 

Theorem 4.1. Suppose T = ((/i U Mp,Tjp, Ap), (Tj^^)i^i-^) is a bubble type belongs to (i) of 
Theorem 2.9, then for every precompact open subset K ofdJlxiX, A, J), there exist 6k, ^K, Ck G I^"*" 

and an open neighborhood Uk of K in X2,fe(X, A, J) with the following properties: 

' — '9 

(i) For all v = {b,v) € .FT^^|^(o), the equation 

djexp^J = 0, C€T+{v), ||C||.,p,i < ex, (4.7) 
23 



has a unique solution 

(a) The map cj) '■ ^'^'sk\kW ~^ ^2k(-^^ ^' ^ ^K, v ^ [expf,^^-) Qy] is smooth. 

In particular, we have 9Jtr(^, ^, J) C ki-^^ ^-^ ^ smooth orbifold of dimension at most 
dimmt^;;(X,A)-2. 

Proof. Note that in these cases, the operator Df^ is surjective. Hence is also surjective 
provided v = {b,v) £ TT \x<S') is sufficiently small by continuity, where : V[v) — > r'^'^(ti) is the 
linearization of the 9j-operator at h{v). Moreover, by the choice of the norms || • and || • ||t,^p, 
we have the following estimates similar to Theorem 4.1 in |Z3] 

||7r„,_e||.,p,i < CKWiUvA^ Ve G V{v)- \\DA,v < CKWmU^^x, Ve e V.iv)- (4.8) 

< < VeGr+(t;). (4.9) 

Thus by a standard argument as in the genus-zero case, cf. |MS| or |Z3j . the theorem follows. | 

5 Study for mriX, A, J) in (iv) of Theorem 2.9 

In this section we study stable maps in (iv) of Theorem 2.9. In these cases we have H^(C, u*TX) = 
C^" by Theorem 2 .10. In [Zl| . A. Zinger studied the enumerative problem of genus- two curves 
with a fixed complex structure in for n = 2, 3. In [Z3], A. Zinger defined the reduced genus-one 
Gromov-Witten invariants. Our present paper uses similar arguments as these two papers, but our 
cases are more complicated, we need to study all the boundary components '^t{X, A, J), while in 
|Zlj . the author only need to consider two cases for and five cases for P^. 

First we study the case that Sp is a smooth Riemann surface of genus two in §5.1-5.3. In 
this case the obstruction bundle has the form ® TevC^p)^ = C^", where W^'p is the space of 
harmonic (0, l)-forms on Sp and ev(Sp) is the evaluation map at the principle component. We 
study the general cases in §5.4-5.5, which are modifications of the methods in §5.1-5.3. 

Now let us assume Sp is smooth. Given ip £ H^^ , h = {hp, {h^^^)ieh) ^ -^f \ x e Sp, m > 1 
and a Kahler metric 56, Sp on Sp which is flat near x. Define dJ^V e T*°'^Sf" as follows: If 
(s, t) are conformal coordinates centered at x such that + 1^ is the square of the (7;,, Sp -distance 
to X. Let 

^ V ' 

m 

where the covariant derivatives are taken with respect to the metric gb,T,p- Since G "^Sp' 
have ■0 = fids — idt) for some anti-holomorphic function /. Because gb,T,p is flat near x, it follows 
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that L'J^V e Tf'^T.f"'. For an orthogonal basis {^pl, V'2} of let s[^j € r*Sf'" ® be 

given by 

45 (-) - 45 (^•j.ii = E (5.2) 

l<i<2 ^ ^ 
m — J — 

The section s^^^ is independent of the choice of a basis for H^'^ but is dependent on the choice of 
the metric gb^Ep when m > 1. However, s[^^ depends only on (Sp, jsp)i we denote it by ssp.a;- 
By p. 246 in [GHj . ssp,x does not vanish and thus spans a subbundle of x W^'p ^ ^f"- Denote 
this subbundle by "H^^ and its orthogonal complement by 'H^^. In particular, Ti^^ is independent 
of the choice of the metric gb, Sp on Sp . 
For h £ U^g/^/^^ = / and m G IN, define 

where the covariant derivatives are taken with respect to the standard metric s + it G C and a 
metric gx,h on X which is flat near 'u(Sp), e.g. we may assume X is isomorphic to C" near u(Sp). 

Let 5r G C°°(7W5?\m+) satisfying 45T(6)Nui||fe,c70 < for any 6 G , where rx is the 
injectivity radius of X with respect to the metric gx,h- We use Kahler metrics gb,Y,p on Sp which 
are flat near xy^ for h £ Ii 

For h £ I and e > 0, denote by 

^b,hi^) = {{h,z)£^b,h = {h}xS^:\z\>e-^2/2}, (5.4) 
Kh(^) = {{ih,z)£^b,.n-\z-Xh\<2e^. (5.5) 
4/.(e) = g.-H^J^(e)) C S„ (5.6) 

where i/i = Sp for h £ Ii. 

Now for ?; = (6, v) £ J^T^^ sufficiently small and Vip £ Tu('np)X(^n%l, define R^V^ £ T^^^{u^) 
as follows: If z G is such that qv{z) £ T,b^h for some h £ x{T) as defined in (13.33P and 
\ls^{qv{z))\ < 25t(^), we define Uviz) £ T^^^^^X by exp„(Sp) m^(z) = n„(z). Given z £ let 
be such that Qviz) £ ^b,h^- w £ T^Ti^, put 

0, if XtK = 2; 

R,V^PUw = I /3{6Tib)\q,z\){,pUw)U^,^^,)V, if xrh, = 1; (5.7) 

{ip\zw)V, if xrhz = 0, 

where xt is the natural extension of XrpW to T and ^u^(z) is the parallel transport along the geodesic 
1 1— > exp„(j^^) tuv{z) with respect to the Levi-Civita connection of the metric gx.b- 
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By the same proof of Lemma 4.3 of |Z1| . we have the following expansion: 

Lemma 5.1. Suppose T is a bubble type given by (iv) of Theorem 2.9 with Sp being a smooth 
Riemann surface of genus two. Then there exists 5 G C°°(OJtr(^, ^, K^) such that for all 
V = (b, v) £ J^T^, V E Ty^(j:p)X and rj e W^'^ we have 



m>l, hex(.T) 

where T{h) is determined by h £ Xh{v) = q^\^{ihi x^) G S„ and 4>i,,h is a holomorphic 

identification of neighborhoods of in Sf,, and Tx,^'Sb,Lh' '^^^ Phi^) is given by 13.32\) . | 

Next we estimate the formal adjoint D* of the linearization of the (9j-operator at Uy with 
respect to the above (L^, f )-inner product. 

Lemma 5.2. (cf. Lemma 2.2 of [Zl]) Suppose T is a bubble type given by (iv) of Theorem 2.9 
with Sp being a smooth Riemann surface of genus two. Then there exists 5 € C°^(9JIt(X, A, J), M+) 
such that for all v = (6, v) £ J'T^ and Vrj G Tu(2p)^ ® "^Sp' have D*RyVrj vanishes outside 
of the annuli 

= qv\{(.h, z) G S,,^ : 5T{b) < \qs\qv{z))\ < 2<5t(6)}) 
with h £ x{T). Moreover, there exists C G C°^{mT{X, A, J), M+) such that 



\\DlR,Vr^\l^co<C{h){ J2 \ph{v)\] \VU\v\\2. 



Proof. Since we will use the expression of D*RyVr] below, we give the proof of the lemma 
here. Let [s, t) be the conformal coordinates on A^^h given by qv{s, t) = s + it £ C. Write 
Qy = 6~'^{s, t){ds'^ + dt"^), then we have 6 = |(1 + + f^) by Riemannian geometry. Let ^{s, t) be 
given by 



as, t) = {R,Vri](^,^t)ds = a (5T(&)Vs2 + t2j (7?(,,j)5,)n^„(,,t)^- 

Then by Remark C.1.4 of |MSj we have 

where ^ and ^ denote covariant derivations with respect to the metric gx,h on X. Since this 
metric is flat on the support of ^ by assumption and r\ £ "H^'^ , we have 

= (/''l5.WvW^H^)^=|) • (r?|(M)5s)n^„(M)^- (5.9) 
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Note that the right hand side of (j5.9p vanishes unless (5^(6) < V s"^ + t'^ < 25^(6) by (|3.5p . Hence 
we have 

\DIR,V7]U,, < C{hM^,^t)ds\\V\ < C{b)\ph{v)\\r,\\2\V\. (5.10) 

Hence ([EH]) holds. | 

Next we describe our choice for a tangent-space model as §2.3 of [Zl]. Let r-|-(i;) and vr^, ± be 
given by the formula ()4.6p . Now we fix an h* € x(^) Ist 

r_(t;) = z):i^,(?^+^(i/,*(^;)) 55r„(2^)X), (5.11) 

where is defined below (|5.2p and Xh*{v) = 9^1,^, ('-h*, x/^*) G S^. Denote by r+(t') the (L^, v)- 
orthogonal complement of r_(t;) in T{v) and Tf^,^-!- the (L^, f )-orthogonal projections onto r-i-(t'). 
Let r+(f) be the image of r+(f) under Tfv,+ and r_(u) be its (L^, t;)-orthogonal complement. 
Denote by 7fi,,± the (L^, i;) -orthogonal projections onto r-i-(u). Then we have the following: 

Lemma 5.3. Suppose T is a bubble type given by (iv) of Theorem 2.9 with Sp being a smooth 
Riemann surface of genus two. Then for every precompact open subset K of ^t{X,A,J), there 
exist Skt^KjCk G and an open neighborhood Uk of K in X2,fc(X, A, J) with the following 
properties: 

'9 

(i) For all v = {b,v) G J^T^^\^(_of , we have 

\\^vM\kp,i < CKm\y,p,u G T{v) (5.12) 

C],'mkp,i < \\DA,P < CxUlkp,!, Ve G f+{v). (5.13) 

(a) For all [b] G X2,k{X, A, J) n Uk, there exist v = (6, v) G TTsjf\f^(o) and ( G r+(i;) such that 
\\C\\v,p,i < eK and [expb{v) Cv] = [&]• 

Proof. The proof of (i) follows from §2.3 in |Zlj . In fact, r_(u) is a tangent-space model in 
the sense of Definition 3.11 in [Z2j . Then (j5.12p and (|5.13p follow from Lemmas 3.5, 3.12 and 3.16 
in |Z2j . The argument of §4 in |Z2j can be modified to show the existence of {v, (^) satisfying (ii) 
and this pair is unique up to the action of the automorphism group Aut*(T) x (5^)1^', cf. the proof 

of Lemma 4.4 in |Z3j . | 



For any v = (6, v) G J^T and h G x{T), let 

a^T%iv) = {Di%)sl%^^^^p,{v), aP{v)= ^ af(.). (5.14) 



We denote a"^\{v) and a^^\v) by aT,h{v) and axiv) respectively. 
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We want to analyze the conditions under which a stable map can be deformed to a J-holomorphic 
map whose domain is smooth. We have the following first-order estimate: 

Lemma 5.4. Suppose T is a bubble type given by (iv) of Theorem 2.9 with Sp being a smooth 
Riemann surface of genus two. Then for every precompact open subset K of ^t{X,A,J), there 
exist 6k, Ck G and an open neighborhood Uk of K in X2^ki^,A,J) satisfying: For every 
V = {b,v) e :^T^^|^(o) and Vrj E r„(2p)X ® we have 

\{{dju^, R,V7])),,2 + {{ariv), Vr])),,2\ < Ck\v\ ■ \p{v)\ ■ \\Vr]\\. 



Proof. As in Lemma 4.5 of [ZlJ, we have 

\\sb,xUv)iid(t>b,r{h)\xh{v)y^Phiv)) - Sb,xr(h)(Phiv))\\2 < CK\(t>b,r{h){xh{v))\b\ph{v)\ 

< CK\v\-\ph{v)\, 



2 



m>2 



for all h £ x{T) and v = {b,v) £ ■^'^Sk\k(°) with 5k being sufficiently small. Thus the lemma 
follows from Lemma 5.1. ■ 



Let 5k be given by Lemma 5.4. For each v = {b,v) G J^T^^|^(o),, we define the homomorphism 
<'i:r0.i(i;)-r°'^(6p), <'iC = - Yl (e,i?.e,V,)e,V', Gr°'i(6p), (5.15) 

l<i<n,l<j<2 

where {ipi, 1/^2} is an orthonormal basis for W^'^ as in (15. 2p and {ej}i<j<n is an orthonormal basis 
for Ty^fY.p'^X. Denote the kernel of vr^'i by r'^^(f ). Then we have the following: 

Lemma 5.5. Suppose T is a bubble type given by (iv) of Theorem 2.9 with Sp being a smooth 
Riemann surface of genus two. Then an element b = [C, u\ € j4, J) n 9Jl2 A, J) must 

-0 

satisfy axiv) = for some v = {b,v) G ^'^Sj^IkW ' "where 5k is given by Lemma 5.4- 
Proof. By (ii) of Lemma 5.3, 

Ut = {[exp„„ C] : = {b,v) G rfsjj^^o), C S T+{v), \\C\\v,p,i < 6k} 
is an open neighborhood of K in X2,fc(X, A, J). Now suppose dj exp„^ C = for a pair {v, (). Write 

dj exp„^ C = dju, + D,C + N,C, (5.16) 
where A'^ is a quadratic form satisfying (cf. Theorem 3a of [F]) 

iV.O = 0, \\N,^ - iV.^'||„,p < CKim\v,p,i + U'\\v,p,im - ^'\\v,p,i, (5.17) 
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Now we estimate By the construction of q^, we have dju^ = outside the annuU 

{\vh\) for h G x{T) and A^j^ {\vh\) for {h ^ I : xt^ = 2}. By the construction of Qy, we have 
WdqvWc'O < C{b) for some C G C7°°(9Jtr(X, ^, J), Thus we have 



h&I 



duh 



V, p 



Moreover, we have 



duh 

< Ck(^ 

< Ck{ 



V, p 



\duh\Pdfi\ +Ck 



. 2(2-p) 



\z\ p \duh\ dfi 



Idfi + C'k 



2(2-p) \ 

|z| f d// < CxIfftI 



Now (fHTTUD - ffCTD and (fSnjl yield 



Note that 



\v,p,i < Ck\v\p. 



9j exp,, C = <^ , _ „ , 



(5.18) 



(5.19) 



(5.20) 



(5.21) 



Since the structure on X near n(Sp) is isomorphic to C" by assumption, we have Ny(^ = on the 
support of RvVt]. Hence we have 

{{NyC, R,Vij))y,2=0. (5.22) 



Thus by Lemmas 5.2 and 5.4 we have 



7r°/_{v X) = <'-{djUv + DyC + NyC) = ariv) + e{v,C), 



0,1 



(5.23) 



where 



\e{v,C)\\ < Ck(.\v\ + \\C\U,p,iMv)\ < Ck\v\-p\p{v)\. 



Note that we may choose a basis {V'l; "02} of W^'^ such that '4'i{^'T(h)) 7^ for h G x{T) and i = 1, 2. 
Thus in order to satisfies (j5.2ip . we must have ar(w) = provided \v\ is sufficiently small. This 
proves the lemma. I 
Now we separate our study into several subsections according to the number of bubble trees. 



(5.24) 
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5.1 There is only one bubble tree 

In this subsection, we consider the case Ii = 1. Note that in this case lankaxiv) = 2n which is 
less than the dimension of coker Di, = 4n. Thus we need further expansions according the position 
of the attaching node of the bubble tree. More precisely, we have the following cases: 

Theorem 5.1.1. Suppose T is a bubble type given by (iv) of Theorem 2.9 with Sp being smooth 
and \x{T)\ = 1. Denote by h the single bubble in xi^)- Assume the attaching node xq-(^i^-^ of the 
bubble tree is not one of the six branch points of the canonical map Sp — > P"*^ : x ^ s-Zp,x- Then an 
element 6 = [C, n] G dJlT{X, A,J)n ki-^^ A, J) if and only if D^''b = D^^b =0. In particular, 
dJlxiX, A, J) n dJt2 J) smooth orbifold of dimension at most dim OJl™! (^) ^) ~ 2. 

Proof. By Lemma 5.5, an element b = [C, u] G 9Jtp(X, ^4, J) n 9Jl2,fc(^; ^) must sat- 
isfy axiv) = for some v = {b,v) G .T^T^^ | j^{o) , thus we have D^^\ = 0. Denote by 5 = 
{b G 9Jtr(X,^, J) : D^^^h = 0}. Then by (ii-a) of Definition 1.1, 5 is a smooth suborbifold of 
'^t{X, A, J) of codimension 2n. Let NS denote the normal bundle of S in 9Jtr(X, A, J) and 
identify a small neighborhood of its zero section with a tubular neighborhood of S in A, J). 

-0 

Suppose (6, N) G MS and v = {{b, N); G .FT^^^j^jo). We consider the second-order expansion 
of (((?jti(({„Af): d); -Ri)^^))?;,2- Note that we have 

\\sf~^^y){{d(l)b,r(h)\xi,{v))~^Ph{v)) - 4^J.^(^)(Pft(^))ll2 < CK\(l)b,r(h){xh(v))\b\ph{v)\'^ 

< CK\v\-\ph{v)\^ 

Y,\Dt\b,N)\\p,iv)r < CK\pH{v)f, 

m>3 

(6,iV)-Z?f (6,0)| < Ck\N\, 

for V, N sufficiently small by continuity. 
Now by Lemma 5.1 we have 



+a5?)((6,0); v),Vr^)),,2 < CK\piv)\-\\v\ + \N\)\\Vr^\\. (5.25) 



|2 



Let {ipj} be an orthogonal basis for Ti.'^^ such that ipi G H^^{xh{v)), "02 S '^•Epi^hiv)) and 
{Vi} an orthogonal basis for Tf,^p(^jj^]^-^X . Note that since C £ we have 

{{C,D:R,V^^Pi)),,2 = (5.26) 

by the construction of T^{v) before Lemma 5.3. Here we use notations in Lemma 5.5. Since 
tp2 S '^'Spi^hi'v)), we have ip2{xh{v)) = 0. Hence by (j5.10p we have 



\D:R,Vi^iJ2\v,z < CK\H(s,t)\ds\m < cMvr. (5.27) 
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By dOSD - dOTH . (lOOll and (lO^ll . we have 



^Wfh ^nJl) I , ..(2) 



4n^A^)4:kM((^'^^n'^)l-'.M)"''^'^W) + «T ((^,0); ^) +6(z;,C), 



+Df 6 {<^,V'i}(P^(«))V'i + {<1^(,,V'2}(P/^(^^))V^2 1 + e{v, C), (5.28) 



where 



||e(^;,C)ll < Ck\p{v)\\\v\ + |iV| + ||C||.,p,i) < CK\piv)\\\N\ + \v\-^). (5.29) 

Since the attaching node ^^-(/j) of the bubble tree is not one of the six branch points of the canonical 
map Sp ^ : x s^p xi we have D^J^l, ip2 7^ 0. Hence in order to satisfy (I5.2ip . we must 

(2) 

have Df^ 6 = provided \v\ and |A^| are sufficiently small. 

Conversely, suppose O'^f^h = ^6 = 0. We want to construct (j){v) £ 971° ^{X, A, J) converging 
to b. We have the following: In a small neighborhood of b, for any 

v = iib,N)- v)Grflj^,,„ \\C\Up,i<2Ck\v\-^ 

the equation 

vr°;i(((6,iV); v), Q 



D^\b,N)s!^'l (((i(/^_^(,)b,(,))^Vh(t'))+a5?^((6,0); v)+eivX) = (5.30) 



has a unique small solution {b*,N*) e A4l?\ 



T 

In fact, let tt-^^^^ be the projections to 7i^^{xh{v)) respectively and consider the equation 



^s,(.)°<''(((^'^); C) = (I?f&){4'i V'2}(p^(^^))V'2 + vrr(^^oe(z;,C)=0. (5.31) 
Note that -D^^''^ = duh\oo = 0, thus by (ii-b) of Definition 1.1, and D^^l. ij)2 7^ 0, the map 



is transversal to the zero section. This together with (j5.29p yields a unique solution {b* , A^) of (j5.31|) 
for each N provided \v\ and |A^| are sufficiently small. 
Now consider the equation 

< ovr°;i(((6*,iV); v), () ^ Z;i^)(6*, iV)4i)^^^(^)((#,.,rwb,(.))-Vh(^)) 

+4'^&*{^i*!.,,,,V'i}(p/^(t'))V'i o e(^,C) = (5.32) 
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By (ii-a) of Definition 1.1, the map 

is transversal to the zero section. Note that 

This together with (|5.29p yields a unique solution (b* ,N*) of (j5.32p provided \v\ is sufficiently small. 
Thus {b*,N*) is the unique solution of (I5.30p as desired. Denote by fJ-ivX) = {{b*,N*), v). 
Now we define the map 

M/, : {C G fMv,c)) ■■ C < 2CK\v\h ^ r^'(M^^,C)) 

Since the derivative 

D*,(0):f+(/i(t;,C))-r°/(/.(^;,C)) 

is an isomorphism and ||^i)(0)||^(t, o),p,i < 2Ck\v\p- The equation ^'i,(C) = has a unique small 
solution by the contraction principle. We define the map 

: {ib,v) e ^Llx(o) ■ D^hb = = &} - •^)' '^(^) = [exPM'^.C.) 

Then (j){v) converges to b in the stable map topology, Hence b E TIt{X, A, J) n ^2 k{X, A, J). The 
proof of the theorem is complete. I 
Theorem 5.1.2. Suppose T is a bubble type given by (iv) of Theorem 2.9 with Sp being smooth 
and \x{T)\ = 1. Denote by h the single bubble in xi^)- Assume the attaching node Xq-^^-^ of the 
bubble tree is one of the six branch points {zm}i<m<& of the canonical map. Then we have the 
following: 

(i) IfH^{¥^,ulTX(g)Opi{-4:Oo)) =0, then an element b= [C, u] e d)lTiX,A,J)rmli,{X,A,J) 

_ _ ' , 

if and only if axiv) = for some v = {b,v) G J^Tg^\j^^o) o-'^d o.t{w,v) = 0, where axiwjv) is a 
linear combination of D^^b and D^/^^b with coefficients depending onwG T^^Tip, v and the position 
of the nodes in bubble trees. In particular, ^t{X, A, J) n yl, J) is a smooth orbifold of 

dimension at most dim OJl"! (-'^i ^) ~ 2 . 

(ii) //i?i(P\n^rX®C'pi(-4oo)) / 0, then an elementb= [C, u] G TlriX, A, J)rml^k{X, A, J) 
must satisfy: Uh factor through a branched covering u : S'^ ^ X, i.e., there exists a holomorphic 
branched covering cj) : S'^ ^ S'^ such that Uh = uo cj) and deg{(j)) > 2. 
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Proof. By Lemma 5.5, an element b = [C, u] G TtT{X,A,J) n 9}t2 fe(X, ^, J) must satisfy 
axiv) = for some v = (b,v) £ J'^T^^ | ^^(o) , thus we have Dj^'^b = 0. Denote by Sm = {b £ 
^)JlT{X, A, J) : D^f^^b = 0, XK^h) = Zm}, where {zm}i<m<6 are the six branch points of ssp- Note 
that Zm depends on the complex structure jgp on Sp, in order to simplify notations, we use Zm 
to denote them. Clearly, each Sm is a smooth suborbifold of 9JIt(^, ^, J) of codimension 2n + 2. 
Let NSra denote the normal bundle of Sm in 5, where S is given by Theorem 5.1.1 and identify a 
small neighborhood of its zero section with a tubular neighborhood of Sm in S. 



Suppose (6, w) G MSmi {b,w,N) G AfS and v = {{b,w,N); v) G .FT^^^,|^(o). We consider the 
third-order expansion of „), RvVr]))y^2- Note that we have 

< CK\v\-\ph(v)f, 

^\Dir\b,w,N)\\p,{v)r < CK\Ph{v)\\ 

m>4 

(6,u;,iV)-Z)f (6,0,0)| < C;^(|iV| + |«;|), 

for V, w, N sufficiently small by continuity. 
Now by Lemma 5.1 we have 

,w,N)-, v) 5 

(6,ti;,Af)sg^(^)((#fc,r(h)b,{.))"VhW) + 4'H(^'0,0); v), Vr])),,2 
< CK\p{v)f{\v\ + \w\ + \N\)\\Vr]\\. (5.33) 



Note that we have Xh{v) = XhUb^w, N); v) = Xhi{b,w,0); v) = Xh{w,v) G Hp. Identify a small 
neighborhood of Zm in T,p with a small neighborhood of in T^^Sp, then we have \xh{w,v)\ < 
Ck{\v\ + \w\). Let s*^^'"-* G r(Sp, T*Sp^ ® Wj^^) be the projection of the section s[^^ onto the 
subbundle Ti-^^. Then we have s^^'"-* is independent of the metric on Sp and has transversal zeros 
at the six points {zm}i<m<6 (cf- P.402 of [Zl]). 

Let {ipj} be an orthonormal basis for such that ipi G Tl^^{xh{w,v)), ^"2 S H^^{xh{w,v)) 
and {Vi} an orthonormal basis for Tg^p(^i,^^^^)X . Note that since C S r+(t'), we have 



((c, i):i?.v-vi)).,2 = o 



(5.34) 



Since ijj2 G Ti.j,^{xh{'w,v)), we have ilj2{xh{w,v)) = 0. Note that 



.(2'-)(i,(u;,.)) = (<i(^,.)V'2) V'2, .(^'-)(.™) 



0. 
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Thus we have ||VV'2|| < CK\xh{w,v)\ for \v\ and \w\ smah enough. Hence by (jS.lOp we have 

\D:R,Vi4^2\v,z < CK\H{s,t)\ds\\Vi\ < CK\piv)W\p{v)\ + \xh{w,v)\). (5.35) 
Note that since s^'^~\zm) = and - '^zj < CK\ph{v)\'^, we have 

^'b,'i}w,v)(('^^b,r{h)\xUv))~^Ph{v)) - sf '^~\xh{w,v),ph{v),ph{v)) < CK\xh{w,v)f\ph{v)\'^. {5. 36) 
By (f03|) - (f06|) . (lOOl) and dOl, we have 
vrji (t;, C) = <'i (Bju, + D,C + N,C) 

+D^^\b,0,0)s'-^'-J{Mw,v),p,,{v),ph{v)) + D^^ 

) (6, 0, 0)4';-) ipi^iv)) + e(t;, C), (5.37) 



where 

||e(^^,C)ll < CK\p{v)f(\v\ + \w\ + |iV|) + Ck\p{v)\\\p{v)\ + |i,(u;,t;)|) • ||C||.,p,i 

+CK\xhi^,v)\\piv)\Wxhiw,v)\ + + \N\) (5.38) 

Since s^'^'"-* has transversal zeros at Zm, we have s^'^ ^ ^ 0. Hence in order to satisfies (j5.2ip . we 
must have 

aT{w,v)^D'^^\b,0,0)sf;-J{xH{w,v),phiv),ph{v)) + Dl^\b^ (5.39) 

provided \v\, \w\ and |A^| are sufficiently small, 

Conversely, suppose axiv) = and ariw, v) = 0. We want to construct (j){w, v) G j.{X, A, J) 
converging to b. Note that by (ii-d) of Definition 1.1, (ii) of Theorem 5.1.2 holds. Hence we only 
need to consider the case H'^{F^,ulTX C'pi(-4oo)) = 0. We have the following: In a small 
neighborhood of b, for any 

~ 1 

V = {{b,w,N); v) e J^T^Jj^^o), \w\<6k, ||CI|i;,p,i < 2C/^|?;| f 

the equation (j5.37p with b replaced by b has a unique small solution (b*,w,N*) G 

In fact, let tt-^^^^^ be the projections to 1-C^^{xh{w^v)) respectively and consider the equation 

°<-(((^'^'^); = D^;KhMs^^;;\xh{w,v),ph{v),ph{v)) 
+D'j^\l 0, 0)si^'-\pHiv)) + vrr (^^^^ o e{v, () = (5.40) 
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By the assumption H^{¥^,ulTX (g) C'pi(-4oo)) = 0, the map 

V ^ D^^\b, 0, 0)4'" ~\xh{w, v),ph{v),ph{v)) + d'i^W 0, 0)4'' '\ph(.v)) 

is transversal to the zero section. This together with (|5.38p yields a unique solution {b*,w,N) of 
()5.40p for each small enough. 
Now consider the equation 

+Z)i^)(6*,0,0)42'+2(PhW) +< K.) ° e(^'C) = 0. (5.41) 
By (ii-a) of Definition 1.1, the map 



: J'Ts^^. ^ T„(2p)X W+^(ifc(7;)), 

iV ^ Z)«(6*,^.;,iV)4i;^^(^^^)((d<^,.,r(,)b^(,,,))"VhW) 
is transversal to the zero section. Note that 

D'i^\b%w,N)sf:+l^,^^m,,,rih)^^^^^ < Ck\p{v)\'. 

This together with (j5.38p yields a unique solution {b*,w,N*) of ()5.4ip provided 6k is sufficiently 
small. Thus {b*,'w,N*) is the unique solution of (|5.37p as desired. Let p{v,C) = {{b* ,w, N*), v). 
Then the same argument in Theorem 5.1.1 yields the J-holomorphic map (p{w, v) = [exp^^^^ G 
OJlg kO^"'^ '^)- '^^^ proof of the theorem is complete. | 

Now we consider the general bubble tree case. Denote by x(^) = {^i) ^2, • • • > hp}. 

Theorem 5.1.3. Suppose T is a bubble type given by (iv) of Theorem 2.9 with Sp being 
smooth together with \Ii\ = 1 and |x(^)l ^ 2. Assume the attaching node x of the bubble tree is not 
one of the six branch points of the canonical map. Then an element b = [C, n] € j4, J) Pi 

9Jl2fc(X, A, J) if and only if ax (v) = for some v = {b,v) € J^Tg^lj^i^o-^ andariv) =0, where axiv) 
is a linear combination of {D^^b, -Dj^^^bj/^.g^cp) with coefficients depending on v and the position 
of the nodes in bubble trees. Moreover, axiv) and axiv) are linear independent. In particular, 
WIt{X, a, J) n ^1 J) 'is a smooth orbifold of dimension at most dim 5712*1 (-^^i ^) ~ 2. 

Proof. We only give the proof of the simplest case that all of {/ii, /12, • • • , /ip} are attached to 
the bubble /i G /i. The general case follows by a similar argument and we will sketch its proof in 
the end. 
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By Lemma 5.5, an element b = [C, u] G ^Mt{X,A, J) n TI2 ^(X, ^, J) must satisfy axiv) = 
for some v = (6, v) £ •^'^'5^ I (o) ; where 

aT{v)= {Dffb)s^^^^{phSv)). (5.42) 

Denote by 5 = {6 € dytT{X,A,J) : axiv) = 0}. Then by (ii-a) of Definition 1.1, 5 is smooth 
suborbifold of TlxiX, A, J). Let MS denote the normal bundle of S in TIt{X, A, J). 



Suppose (6, A^) G and u = {{b,N); v) G J'^T^^|^(o). We consider the second-order expansion 
of jv); v)^ Rvyv))v,2- As in Theorem 5.1.1, we have 



+aP{{b,Oy, v),Vv)).,2 <CK\p{v)\\\v\ + \N\)\\Vrj\\. (5.43) 

Let Xh.{{b,N); v) = 2;/j.((6, 0); v) = Xh^{v) G Sp for /ij G x(2^)- Identify a small neighborhood of 
X in Sp with a small neighborhood of in TjSp and let x*{v) = Xhi{v) — Xhi{v) = v^ixh^ — x/jj 
and x*{v) = {x^iv), . . . ,x*{v)). 

Let {^j} be an orthonormal basis for Ti^^ such that ipi G 7i^^{xhi{v)), ^"2 £ '^■£p(^hi{v)) and 
{Fj} an orthonormal basis for Tg^^^^^^^-jX. Note that since C G r"'^(^)i we have 

((C,I?:ii.V-Vi)).,2 = (5.44) 

Since ijj2 G 'H^^{xh^{v)), we have ^^2 (2^/11 (t')) = 0. Hence by (jS.lOp we have 

\DlR,V^^P2\v,z < CK\M{s,t)\ds\\Vi\ < Ck\p{v)\{\p{v)\ + \x*{v)\). (5.45) 

Note that we have 

< CKM{v)\\p{v)m{v)\ + \v\)- (5.46) 
By ([533])- ([536]), we have 

<'i(^^,C) = <'i(9jn, + I),C + A^.C) = <^(6,A^)41^(,)((#^r(/.,)l^.,M)"V/.i(^)) 

+ +<^(&'0)4'k<(-)>p^.(-))) 

h^(ix{T)\hl 

+ Y (4?(&,0)4y)(/,,,(^;)) + Z)if(6,0).5-)(p,^(^;)))+e(^,C), (5.47) 
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where 



\\e{v,C)\\ < Ck\p{v)\\\v\ + \N\) + CK\p{v)mv)\ + \x*{v)\) ■ \\C\U,„i 

+Ck{\x*{v)\\p{v)\{\x*{v)\ + \v\ + \N\). (5.48) 

Note that phiiv) = v^Vhi and x*{v) = v^ixh^ - x/i J / for hi £ x{T) \ hi. Hence 

\s'i:^\phAv))\=o{\sf^^\xl{v),ph^{v))\), yh,ex{T)\h, (5.49) 

where we denote by o(x) the higher order term of a; as x ^ 0. By changing the order of {hi , ■ ■ ■ , hp}, 
we may assume Phi{v) = mini<_i<_p ph-{v) . Thus we have 

\st^\phAv))\ = E o{\s<^^;^-\x:{v),pHAvm. (5.50) 

Since x is not one of the six branch points of the canonical map, we have -s^ j 7^ 0. Thus in order 
to satisfy (j5.2ip . we must have 

ariv) ^ Dl^^ib,0)s'-^L\x*{v),p,^{v)) = 0. (5.51) 

h^ex{T)\hl 

Conversely, suppose ariv) = = aT{v) We want to construct cl){v) E OJlg k(-^^ converging 
to b. We have the following: In a small neighborhood of b, for any 

V = ((6,iV); v) G ^J^I^(o), ||CI|.,p,i < ^CkIvI'^ 

the equation (j5.47p with b replaced by b has a unique small solution {b*, N*) G M.^\ 

In fact, let vr-^ be the projections to T-C^^{xh^{v)) respectively and consider the equation 

^2,,(.)°<-(((^'^); C) = 5T(^;)+vrr^(,)Oe(t;,C) = 0. (5.52) 

Note that by (ii-a) of Definition 1.1 and sj, j = ^"02 7^ 0, the map ay is transversal to the zero 
section. This together with (j5.48p yields a unique solution (6*, N) of (|5.52p for each provided |f | 
and |A^| are sufficiently small. 
Now consider the equation 

<(.)°<-(((^*'^); C)^4?(fo*,iv)4i!.,^(.)((#^*,r(.,)b.,(^))"V..(^)) 

+ E ^i?(^*'0)4*^(P/^.(-)) + <(.)°^(-'C) = (5.53) 
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By (ii-a) of Definition 1.1, the map 

-0 _L 

hiex{T)\hi 

is transversal to the zero section. This together with (15.480 yields a unique solution (b* ,N*) of ()5.53p 
provided \v\ is sufficiently small. Thus {b*,N*) is the unique solution of (j5.47p as desired. Denote 
by fj,{v,C) = {{b*,N*), v). Then the same argument in Theorem 5.1.1 yields the holomorphic map 

Hv) = [exp^{.,c.)C.] G ^lkiX,A,J). 

For the general case, let h = min/j<;/j. : \{l € I : q = h}\ > 2}. Then a similar 

argument as above obtains the required conditions axiv) = = axiv). The proof of the theorem 
is complete. | 

Theorem 5.1.4. Suppose T is a bubble type given by (iv) of Theorem 2.9 with Sp being smooth 
together with = 1 and \x{T)\ > 2. Assume the attaching node x of the bubble tree is one of the 
six branch points of the canonical map. Then one of the following must hod: 

(i) An element b = [C, u] G ^t{X, A, J) n ki.^ ^ A, J) if and only if axiv) = for 
some V = {b,v) G TTg^\j^^o) and aT{w,v) = 0, where aT{w,v) is a linear combination of 
{D^^b, D^i^^b, D^h-^b}fi.^^(^x) with coefficients depending on w £ T^^Tip, v and the position of the 
nodes in bubble trees. In particular, dJlxiX, A, J) nOJt2 ki-X, A, J) is a smooth orbifold of dimension 
at most dim^*^(X,^) - 2. 

(a) An element b = [C, u] € ^t{X, A, J) n 9Jl2 ^(X, A, J) must satisfy: there exists h € x{T) 
such that Uh factor through a branched covering u : S'^ — > X, i.e., there exists a holomorphic 
branched covering (j) : S'^ ^ S'^ such that = u o (p and deg(0) > 2. In particular, DJlxiX, A, J) n 
dJl2 k{X, A, J) is contained in a smooth orbifold of dimension at most dim^^*^(X, A) — 2. 

Proof. We only give the proof of the simplest case that all of {/ii, /12, . . . , /ip} = x(T) are 
attached to the bubble h £ Ii. The general cases follow similarly. 

As in Theorem 5.1.3, we have (15.421) . Denote by Sm = {b G S : x-f^ = z^} , where S is given by 
Theorem 5.1.3, and NSm the normal bundle of Sm in S, 

-0 

Suppose (6, w) G MSmi {b,w,N) G MS and v = {{b,w,N); v) G J^Tg^\j^(^oy We consider the 
third-order expansion of {{djU(^(^i„w,N); v)^ RvVv))v,2- As in Theorem 5.1.2, we have 

< CK\piv)f{\v\ + \w\ + \N\)\\Vrj\\. (5.54) 
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Let Xhiiv) = Xhi{{b,w,N); v) = 2;/i.((6, 0); v) = x/j. (k;, t>) G Sp for hi E x{T)- Identify a 
small neighborhood of z.^ in Sp with a small neighborhood of in T^^Sp and let 2;*(i(;,f) = 
Xh,{w,v) - Xhi{w,v) = v^{xh, - Xh^) and x*{w,v) = {xl{w,v), . . . , u)). 

Let {V'j} be an orthogonal basis for W^'^ such that ^/^i G 7{^^{xh^{w,v)), Tp2 G '^j:,p(^hi{'w,v)) 
and {Vi} an orthogonal basis for Tg„j^(b,u;,Af)-'^- Note that since G r+(t;), we have 



(5.55) 



Since V2 G '^T.pi'^hiiw^v)), we have V'2(2;/ii (tf, f )) = 0. Note that s*^^' ■'(zm) = 0, thus by (j5.10p 
we have (cf. Lemma 4.28 in |Z1] ) 



\DlR,V^i^2\v,z < CK\M{s,t)\ds\\Vi\ <CK{\phAv)?{\ph^{v)\ + \xhAw.v)\). 

+ E |p/..(^)l(b/;l' + |£/.iK«)IKI)- (5.56) 

2<i<p 



Let 7r~^ be the projections to T-Lj^p{xhi{w,v)) respectively. Then by Taylor expansion with 
respect to x*{w,v) =Xh.{w,v) — Xh-^{w,v), we have 



-^f};^^{w,v)(^i(^^'")^^i(^^^)^PhAv)) < CK\x*{w,v)f\ph^{v)\ 

,(2,-) 



(5.57) 



Since 7^~^^(^,^)•S6,^,^J^,^,) = 0, s^'^J = and x,,^(u;,?;) = w + v^Xh,, we have 

< Ci^|i,,,(u;,t;)p|p;,^(t;)||x*(u;,t;)|. (5.58) 

< Ci^|x/j,(w;,u)||p,^.('y)||x*(ty,v)|^ 



(5.59) 



Summing up (|5.57p - (|5.59p . we obtain 



^S,^ (w,v) % (n,,v)((d(pb, r{K)\xn^ (V) ) ^Ph, {V) ) - 4, ; J i^^v), X* {w,v), Ph, {v)) 

< CKi\xUw,vt\pf,^iv)\ + \xhA^,v)\\phMMiw^vm<i^,v)\ + \xhAw^v)\))- (5.60) 



Similarly, we have 



^Sft^ iw,v) % (v) ('^KhK (^) ) ^P''^ " % zj i^h, ^) ' Ph. iv) , Ph. (v) ) 

< CKi\x*iw,v)\^\pf,Xv)\^ + |S;,,(u;,t;)|2|p;,^(^)|2 + \x*iw,v)\\xf,,{w,v)\\pf,^iv)\^). (5.61) 
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By dSSU-dSSH), we have 

<'i (v, c) ^ <'i + D,c + A^.C) = 4? (.) ((dA, nh,) k,^ (v)r'ph, (v)) 
+ Dff {b, 0, 0)4';;;;) (x^, {w,v), < {w,v), {v))) 

+D^^^{b,Q,Q)sf:~J{x^Sw,v),phSv),py,^{v)^ v) + e{v,0, (5.62) 

where 

\\e{v,Q)\\ < CK{\p{v)f + \x*{w,v)\\p{v)\\x{w,v)\ + \p{v)f\x{w,vm\v\ + \w\ + \N\) 

+CKl\ph^iv)\H\phdv)\+\XhA^,v)\)+ \phAv)\i\^\^ + \^hdw,v)\\vj^\)\ ■\\C\\v,p,l 

+CK{\x*{w,v)f\phSv)\ + \xhi{w,v)\\ph,{v)\\x*{w,v)\{\x*{w,v)\ + \xh^{w,v)\)) 
+CKi\xUw,v)\^\pf,Sv)\^ + \xh,{w,v)\^\pf,Sv)\^ + \xUw (5.63) 

where \x{w,v)\ = Y^i<i<p\xh,{w,v)\. 

By replacing the order of {hi, . . . , hp} if necessary, we may assume that \xh-^ {w, v)\ < |x/j. {w, v)\ 
for 2 < i < p. Note that Xh,{w,v) - Xhj{w,v) = Vf^{xh, - Xhj) and x/j. / Xh^ for i / j. Thus we 
have It^^l < CK\xhii'w,v)\ for 2 <i <p. Hence we have 

I (^h, iw,v), ph, (v) , ph, {v))\=o{\ sf^'^'^^ (xh, {w,v), X* {w,v), ph, {v))\) 
I ^t'z'r^ ^P^- ' ^Pk{'^))\= o(I (^'^^ ' x*i {w,v),ph,{v))\) 

for 2 < i < p. 

We have the following two cases: 
Case 1. We have D^^h / 0. 

In this case we can represent v^^ as linear combination of Vh.s for hi E x{T) \ hi. In particular, 
we have \vhi\ < Ci^ Z]/i,ex(T)\/ii Hence we have 

\s'^,'zZ^ {Xhi{w,v), ph,{v), PhA'^))\ = Yl o{\s''^^'^'^\xh,{w,v),X*{u!,v),ph,(v))\) 

h^exiT)\hl 

\s^b,'zZ' (.Phi{'i^))\ = Y o{\s'^^'^';^\xh,{w,v),X*{w,v),ph,{v))\) 
hi&x{T)\hi 
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Note that sj^ ^ 7^ 0, thus in order to satisfy (j5.2ip . we must have 

aT{w,v)^ D^S^h,msf:-Z!{xhAw,v),x*{w,v),pf,Sv)) = ^ (5.64) 

2<i<p 

by (fM]) and (fM]) . 

Case 2. W^e have D^^h = 0. 
In this case we have 

aT{w,v) = ^ D'^^^{h,Q,^)sf';'^{xh,{w,v),x*{w,v),ph,{v)) 

2<i<p 

+D^^l {b, 0, 0)s5 J (u;, i;) , pn, (v) , p^, {v) ) + D^^ (b, 0, 0)^^-) {ph, (v)) = (5.65) 

provided \v\, \w\ and |iV| are sufficiently small. 

Note that axiv) and aT{w,v) are linear independent in Case 1. While in Case 2, we have 

aT{v)= (<^&)sEp,$(/Oh,(t;))=0. 

h^ex{T)\hl 

Thus the dimension of a^^(O) is at most dim^^*^(X, ^) — 2 

The proof of the converse is similar to the previous theorems and we omit it here. We only 
remark that in Case 1, (i) holds; while in Case 2, (i) holds if H'^{¥^,ul^TX C'pi(-4oo)) = and 
(ii) holds if H'^{F'^,uITX (g) Opi(-4oo)) / 0. These follows by (ii-d) in Definition 1.1. | 

5.2 There are exactly two bubble trees 

In this subsection, we consider the case = 2. Note that in this case the rank of ar(f) may not 
equal to the dimension of coker Dh. Thus we need further expansions. 

Theorem 5.2.1. Suppose T is a bubble type given by (iv) of Theorem 2.9 with Sp being smooth 
and I III = 2, i.e., there are exactly two bubble trees. Assume xi and X2 are not conjugate via the 

map ssp, where xi and X2 are attaching nodes of the two bubble trees. Then an element b = 

— 

[C, u] G TIt{X, A, J) n 9Jl2,A:(^) ^) if and only if ariv) = for some v = {b,v) G .FT^^|j^(o). In 

particular, TIt{X, A, J)n9Jt2,fe(^' ^ smooth orbifold of dimension at most dim9Jt2*fc(X, A) — 

2. 

Proof. By Lemma 5.5, an element b = [C, u] G 9Jl2'(X, j4, J) n 9Jl2 fc(^' must satisfy 

-0 

aT{v) = for some v = {b,v) G .FT^^|^(o). Since xi and X2 are not conjugate via the map ssp, 
we have rank(ar) = 4n = dim ( coker 1);,). Hence 
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is transversal to the zero section in a small neighborhood of b by (ii-a) in Definition 1.1. Hence by 
(j5.23p and ()5.24p . in a small neighborhood of b, for any 

~ 1 

V = (6, v) G J^T^^J^to),, \\C\\v,p,i < 2Ck\v\p, 

the equation 

<'i((6, v),C)^aTiv)+e{v,C)=0 

has a unique small solution b* € Denote by ii{v,C,) = (^*) '^)- Then the theorem follows by 

the same argument as in Theorem 5.1.1. I 
Next we consider the case xi and X2 are conjugate via the map ssp- 

Theorem 5.2.2. Suppose T is a bubble type given by (iv) of Theorem 2.9 with Sp being smooth 
and \Ii\ = |x(^)l = |{^i5^2}| = 2. Assume the attaching nodes 3;t(/ii) f^i^d a^T(/i2) differ by the 
nontrivial holomorphic automorphism ofT,p (of. p. 254 of JG^). Then one of the following must 
hold: 

(i) An element b = [C, u] G TIt{X,A, J) PlM^ i^{X,A, J) if and only if axiv) = for some v = 

^ ^ (1) (2) 

{b,v) € .FT^^I^(o) and aT{w,v) = 0, where aT{w,v) is a linear combination of {Df^_ b, Dj^, b}i=i^2 
with coefficients depending on w £ Tr^^^^jSp, v and the position of the nodes in bubble trees. In 
particular, DJIt{X,A, J)ndJl2 i.{X,A, J) is a smooth orbifold of dimension at most dim 9Jl2 j^{X,A) — 
2 . 

(a) An element b = [C, u] G 9JIt(-^i J) H 9Jl2 k{X, A, J) must satisfy = U2{^h2)- 

Proof. By Lemma 5.5, an element b = [C, u] G TIt{X,A,J) n OTlg fc(^> ^> must satisfy 



ar(u) = for some v = {b,v) € ^'^Sk\kW- Note that 

ariv) = (L'[^^^6)ssp,xr(hi)(/'/ii('^)) + iD'i^2^)s^p,xr(h2)^Ph2iv)), (5.66) 

and ssp,xr(hi) ~ ^'^p<XT{h2)- Denote by —x the image of x G Sp under the nontrivial holomor- 
phic automorphism a of Sp and identify T^'^p with T^^'^p via a. Let Sp = Sp \ {2;m}i<m<6) 
where {2;m}i<m<6 are the fixed points of a. Denote by 5 = a^^{0). Then by (ii-a) in Defini- 
tion 1.1, 5 is a complex suborbifold of TIt{X, A, J). Moreover, we have S = Sq x Si, where 
^0 = {{xr(hi), -xr{hi) ■ xr{hi) G Sp} and Si = {D^'f^^b = XD^^^b, X G C}. Let MS denote the 
normal bundle of S in 9Jtr(X, A, J) and identify a small neighborhood of its zero section with a 
tubular neighborhood of S in TIt{X, A, J). Then we have 

AfS = AfSo © AfSi, where MSq = vr£^,^^ TEp, AfSi = Ei, 
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where T^T.p,xr{h) ^^oCSpxEp— >Epis the projection to the i-th factor and Ei is the orthogonal 

complement of D^j^'^h in T^^j^p-^X. 

^ 

Suppose {b,w,N) G MS and v = {{b,w,N); v) G ^T5^|^(o). We consider the second-order 

expansion of ((9jW((6,«,,Af); ?;)) Rvyil))v,2- Note that we have 

< CK\v\-\ph{v)\^ 

Y,\Dlr\b,y^,N)\\p,{v)r < CK\phiv)f, 

m>3 

(6,«;,iV)-Z)f (6,0,0)| < CkHNI + H), 
for h G x(^) cind v, w, N sufficiently small by continuity. Thus by Lemma 5.1 we have 

,w,N); VI 

< Ck\p{v)W\v\ + \w\ + \N\)\\V7]\\. (5.67) 

Let Xh^{{b,'w, N); v) = x^. ((6, tt>, 0); v) = Xhi{w,v) G Sp for i = 1, 2. Identify a small neighbor- 
hood of 2;7-(-/i^) in Sp with a small neighborhood of in T^..^^,^ ^Sp and let x*{w,v) = Xh^{w,v) — 
Xhiiwjv), then we have \x*{'w,v)\ < Ck{\v\ + \w\). 

Let {^j} be an orthonormal basis for Ti^^ such that ipi G T-C^^ixhi {w, v)), ^2 £ '^■Zpi^hi {w, v)) 
and {Vi} an orthonormal basis for Te„^(b,«),Af)-'^- Note that since C £ r+(f), we have 

{{C, D:r,V^^Pi)),,2 = (5.68) 

Since G '^Y]p(^hii'w,v)), we have ip2{xhi{w,v)) = 0. Note that ip2{—Xhi{w,v)) = since ^2 is 
invariant under o". Hence by ()5.10p we have 

\D;R,V^iP2\v,z < CK\H{s,t)\ds\\Vi\ <CK\piv)\{\p{v)\ + \x*{w,v)\). (5.69) 

Note that we have 

'^bk,M((d(pb,Tih,)\x,,^iv)y^Ph,{v)) - 4^k^(«,,^,)(/''^2(^)) - Sb,lr^^Jx*{w,v),ph,{v)) 

< Ck{\x*{w,v)\\p{v)\(\x*{w,v)\ + \v\). (5.70) 
By (ISSZD-dSSO]), we have 

<'i (f , C) = <'i + ^.C + ^.C) 
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+< (6, 0, 0).^;) (p., (^;)) + < (6, 0, 0).5+J^^^ (p., (v)) 

+Z?('^)(6,0,0)4X(,,)(P/»2W) +e(^,C) (5.71) 



where 



||e(^,C)ll < CK\piv)\\\v\ + IH + \N\) + CK\p{vmp{v)\ + |x*(«;,^;)|) • ||C||.,p,i 
+CK{\x*{w,v)\\piv)\{\x*{w,v)\ + \v\ + \w\ + \N\). (5.72) 

Since a;r(?ti) ^ ^p? we have s^bxr^h ) ^ -^^^^^ order to satisfies (|5.2ip . we must have 
ariw, v) ^ D'i^^ {b, 0, 0)4'-j^^^^ {x*{w, v),ph, {v)) + D^^^ {b, 0, 0)4'-)^^^^ (p^, (v)) 

+D^S^b,msf:;^^^jPh,{v)) = o (5.73) 

provided |f|, \w\ and |iV| are sufficiently small. 

Conversely, suppose aT{v) = and oiTiw^ v) = 0. We want to construct (j){w^ v) G ^[X, A, J) 
converging to b. We want to show: In a small neighborhood of 6, for any 



~ -0 1 

v = {{b,w,N); v) G J^T^^Jj^to), \w\ < 6k, \\C\\v,p,i < '^Ck\v\p 



the equation (j5.7ip with b replaced by b has a unique small solution {b*,w,N*) £ MP . Let 
TT~^ (u; 1,) be the projections to 7i^^{xhi{w,v)) respectively and consider the following equation: 

^^,^M°<-m^^Ny, v), C) = <)(6,0,0)4y^^^^(x*(u;,^;),p,,(t;)) 

(6, 0,0).£-)^^^ (p., (^)) +4^(6,0,0)4^^^^^^^^ = 0. (5.74) 

We have the following two cases: 
Case 1. We have ol^h / 0. 

In this case we have |p/ii(f)| < Ci^flp/^j (f)|. Note that by a^iv) = and (v-a) in Definition 
1.1, if nhi(S/ii) 7^ M/i2(^/i2)i assume //-"^(P-*^, ligTX (g) Opi(— 8^2)) 7^ 0, thus aT{w,v) is 

transversal to the zero section. By (|5.72p . the terms in vr-^ ^.^ o e{v,C) contains Phi{v) can be 
dominated by \ph2{v)\'^. Thus we obtain a unique solution {b*,w,N) of (j5.74p for each when 6k 
is sufficiently small. 

Case 2. I^e /laue ^[^^^b = 0. 

In this case, we have D^^b = by (j5.66p . Hence by (ii-b) in Definition 1.1, axiw, v) is transversal 
to the zero section. This together with (|5.72p yields a unique solution (b*,w,N) of (|5.74p for each 
when 6k is sufficiently small. 
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Now consider the equation 

+<K.)°eKC) = 0. (5.75) 
By (ii-a) in Definition 1.1, the map 

is transversal to the zero section. Note that 

This together with (|5.72p yields a unique solution {b*,w,N*) of (|5.75p provided \v\ is sufficiently 
small. Thus {b*,w,N*) is the unique solution of (I5.71[) as desired. Let n{v,C) = {{b* ,w, N*), v). 
Then the same argument in Theorem 5.1.1 yields the holomorphic map <j){w,v) = [exp^^^^^^-j (^y] S 

ki^i ^1 J)- The proof of the theorem is complete. | 

Now we consider the general case. 

Theorem 5.2.3. Suppose T is a bubble type given by (iv) of Theorem 2.9 with Sp being 
smooth together with \Ii\ = 2 and |x(^)| ^ 3. Assume the attaching nodes x^^ and of the 

two bubble trees differ by the nontrivial holomorphic automorphism of Tip. Then an element 

— '1> 

6 = [C, -u] G TIt{X,A, J) n9Jt2 f.{X,A, J) if and only if ariv) = for some v = {b,v) G J^T^^|j^(o) 

and aT{w,v) = 0, where aT{w,v) is a linear combination of {D^^^^b, D^^^b}fi-(z^(^x) with coeffi- 
cients depending on w & Tx- Tp, v and the position of the nodes in bubble trees. In particular, 

hi 

TiT{x,A,j)r\m2k{x,A,j) is a smooth orbifold of dimension at most dL\Ta.'^2 k{X , A) — 2. 

Proof. Denote by x(^) = {^ii ^2, . . . , hp}. We only give the proof of the simplest case that all 

of {hi, /i2, . . . , hg} are attached to the bubble ha G h and {/ig+i, • • • , hp} are attached to hp ^ Ii. 

The general case follows similarly. 

By Lemma 5.5, an element b = [C, u] G "iJKTiX, A, J) n^t^fc(X, ^, J) must satisfy axiv) = 

' 

for some v = (6, v) G ^T^^ \ ^(q) , where 

aT{v)= {Dffb)sj,^,x{PhSv))- (5.76) 
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Here we identify and Xf^^ via the nontrivial holomorphic automorphism cr of Sp and denote 
them simply by x. Denote by S = {b e dJlriX, A, J) : aT{v) = 0}. Then by (ii-a) in Definition 1.1, 
S is complex suborbifold of dJlriX, A, J). Let J\fS denote the normal bundle of S in V}It{X, A, J). 
As in Theorem 5.2.2, we have S = Sq x Si, where 



Then we have 



MS =MSo®MSi, where MSq = tt^^^^^^^^^TI^p, MSi = Ei, 

where Tr-Ep.xr(h ) '■ C T,p x Sp Sp is the projection to the i-th factor and Ei is the orthogonal 
complement of span/j.g^(j'){D^^^6} in T^i^^p^X. 

_ 

Suppose {b,w,N) G J\fS and v = {{b,w,N); v) G ^Tsk\k(o)- Xfn{{b,w,N)\ v) = 

Xhi{{b,w,0); v) = Xhi{w,v) G Sp for hi G x{T)- Identify a small neighborhood of xq-[hi) in 
Ep with a small neighborhood of in rj;^^^ jSp and let x\{w,v) = Xhi{w,v) — Xhi{w,v), then we 
have \x*{w,v)\ < Ck{\v\ + \w\). 

We consider the second-order expansion of tv); i;)) RvVv))v,2- Similar to Theorem 

5.1.3 and Theorem 5.2.2, we have 

2<i<p 

+ J2 (4?(^0'0)4y^(/^^.W) + <^(^0'0)4y (P'^.(^))) + ^(^.0, (5.77) 
l<j<p 

where 

||e(^^,C)ll < Ck\p{v)\Wv\ + \w\ + \N\) + Ck\p{v)\{\p{v)\ + \x*{w,v)\) ■ ||C||„,p,i 

+Ck{\x*{w,v)\\p{v)\{\x* {w,v)\ + \v\ + \w\ + \N\). (5.78) 

Note that phiiv) = v^Vh^ and Xh^{w,v) = v^Xhi for 1 < i < g, Phi{v) = vpVUi and Xh^{w,v) = 
w + vpX}n for q + 1 < i < p. Hence we have x1{w,v) = Va{xhi — Xh^) 7^ for 2 < z < g and 
x*{w,v) = w + vpXfn — VaXfi^ for q + 1 < i < p. Clearly we may assume Ix^tUju)! > for 
q + l<i<p — 1- Hence we have 

\s'b:i\ph,{v))\=o{\s'^;^\x*{w,v),ph,{v))\), '^<i<p-l (5.79) 
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By changing the order of {hi, . . . , hg}, we may assume Phiiy) = niini<.j<q phi{v). Thus we have 

\s^t:^\phAv))\ = E o{\s^^;^-\xUw,v),p,^{vm. (5.80) 

2<i<q 

We have the following two cases: 
Case 1. We have 0^% / 0. 

In this case we have \php{v)\ < Ck Yli<i<p-i by axiv) = 0. Hence by (|5.79p and (j5.80p . 

we have 

\^?:i\phjv))\ = E o{\s^;fc\xUw,v),p,^{vm- (5.81) 

2<i<p-l 

Since x G Ep, we have ^ 7^ 0. Hence in order to satisfies (I5.2ip . we must have 

2<i<p 

provided \v\, \w\ and \N\ are sufficiently small. 
Case 2. We have D^^h = 0. 

In this case, in order to satisfies ()5.2ip . we must have 

aT{w,v) ^ Yl D^Hhb^O,0)sl^c\xUw,v),pHAv)) + D'j^^{b,0,0)s'^;^\ 

2<i<p 

provided \v\, \w\ and |A^| are sufficiently small. 

The proof of the converse is similar to the previous theorems since the map 5t and ot are 
transversal to the zero sections in both cases by (ii-a) and (ii-b) in Definition 1.1. | 

5.3 There are at least three bubble trees 

In this subsection, we consider the case > 3. Note that in this case the rank of aT{v) is 4n. 
Hence we have the following: 

Theorem 5.3.1. Suppose T is a bubble type given by (iv) of Theorem 2.9 with Sp being 

smooth and \Ii\ > 3, i.e., there are at least three bubble trees. Then an element b = [C, u] G 

— ^0 

TIt{X, A, J) n 9}T2_fc(X, A, J) if and only if axiv) = for some v = {b,v) E TT^^lj^^gy In 

particular, TIt{X, A, 7)0^2 ^(X, A, J) is a smooth orbifold of dimension at most dim 9Jl2 k (^) ^) ~ 

2. 

Proof. By Lemma 5.5, an element b = [C, u] G '^t{X, A, J) nM^;j(X, ^, J) must satisfy 



oit{v) = for some v = {b,v) G ^'^Sj^IkW- Note that in this case we have rank(aT) = 4n = 
dim(cokerL'b) by (ii-a) in Definition 1.1. Thus the theorem follows by a similar argument as in 
Theorem 5.2.1. ■ 
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5.4 The principle component Sp is not smooth and = 

In this subsection, we consider the case that the principle component Sp is not smooth and [Sp] = 
0, i.e., n|sp = const. 

First we use §3.2 to smooth out all the nodes in Sp, then we use the methods in §5.1-5.3 to 
study the conditions under which an element b = [C, u] G Wt{X, A, J) n 9Jl2 ^(X, A, J). Denote 
by (Sp,wp) the smooth Riemann surface obtained from Sp by smoothing nodes. By the gluing 
construction, we have an isomorphism R^p : Tl^^ — > '^('^^ which depends continuously on the 
parameter vp. In fact, we can choose basis of the Hodge bundle of holomorphic 1-forms over the 
Deligne-Mumford space M.2,kp depending continuously on the parameter vp, where kp = \IiUMp\. 
Then this case follows by a similar argument as in the previous sections by replacing the term 
by R{vo,vi) ° Rvp, where vi = {f^'^/e/i- 

The following is the main theorem in this section. 

Theorem 5.4.1. Suppose T is a bubble type given by (iv) of Theorem 2.9 with u*[Sp] = 0. 
Then one of the following must hold: 

(i) An elementb= [C, u] e TlTiX,A, J)nMl,,{X, A, J) if and only ifiD^^h, D^j^h, Dfh}^^^^^) 

' — 

satisfy a set of linear equations of rank 4n whose coefficients depending on v = {b,v) G J^T^^|^(o) 
and the position of nodes on C. In particular, A, J) n 9Jl2 ki-X, A, J) is a smooth orbifold of 

dimension at most dim ^Xft 2^1. {X, A) — 2 . 

(a) An element b = [C, u] G WIt{X, A, J) n ^ffl2 k{X , A, J) must satisfy: there exists h G x{T) 
such that Uh factor through a branched covering u : S'^ X, i.e., there exists a holomorphic 
branched covering (j) : S'^ ^ S'^ such that = u o (/) and deg{(j)) > 2. 

(Hi) An element b = [C, u] G TIt{X, A, J)n9Jl2,fc(^) ^) i^ust satisfy: there exist hi, /i2 G x(r) 
such that Uh^{T.hi) = UhiC^hi)- 

Proof. We only give the proof of two cases: Sp is a torus with only one node and Sp is 
obtained from two tori attached at one node. The other cases follow by a similar argument, so we 
omit their proofs here. 

Case 1. The principle component 'Sp is a torus with only one node. 

We will construct an isomorphism Ryp : Ti.^^ ^('sp vp) depending continuously on the 
parameter vp. Suppose {T,xi,X2) is the normalization of Sp. Then we have 

H\Sp, O) ^ H\T, 0{-xi - X2)) ^ H\T, 0{xi + X2) KtY = 

which consists of meromorphic one-forms a; on T that are holomorphic on T \ {xi,X2} and have 
at most simple poles at xi and X2 together with Resa;^a; -|- Res^ji^ = (cf. §22.3 of |MirSym| ). 
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Note that by the Residue Theorem (cf. P.222 of [GH] ). the condit ion Res^^o; + Res^jW = is 
automatically satisfied. 

Now we study nonzero sections of H^(T,p,0). Note that if ReSa;^tJi = = Res^ji^i, then the 
one-form toi is holomorphic on T, i.e., uji G H^[T, Kt)* — H^{T,0)* = C. Thus loi is nowhere 
vanishing on T. If ReSx^W2 = — Res2.2a;2 7^ 0, then the one-form L02 has exactly two simple poles 
on T. We claim that UJ2 has at most two zeros on T. In fact, if L02 has I zeros, then we have 
UJ2 G H^{T,0{2 Kt)* = provided / > 2. Now we fix an K G x{T) and Let {V'i,V'2} be 

an orthogonal basis of such that ipi{xh,{v)) / and ^p2{xh^{v)) = 0. We extend {^^1,1^2} to 
be a basis {ipvp,i,'4'vp,2} of "^("^p up) such that ipvp,i{xh,{v)) 7^ and ipvp,2{xh,{'v)) = 0. Note that 
{ip^^j} is continuous with respect to the parameter vp outside small neighborhoods Ui of Xi for 
any m > and the attaching nodes of bubble trees lies outside Ui. Hence Theorem 5.4.1 holds 
in this case by a similar argument as in §5.1-5.3 by considering expansions of the approximately 
J- holomorphic curves. 

Case 2. The principle component T,p is two tori attached at one node. 

We will construct an isomorphism R^p : W^'^ — > '^('^p vp) depending continuously on the 
parameter vp. Suppose {Ti,xi), {T2,X2) is the normalization of Ep. Then we have 

H\^P, O) ^ H\Ti,0{-xi)) © H\T2, 0{-X2)) 
^ H\Ti,0{xi) Kt,Y ® H\T2,0{x2) Kt^T = 

which consists of meromorphic one- forms lo on Ti\jT2 that are holomorphic on Ti\{xi} and T2\{x2} 
and have at most simple poles at xi and X2 together with Res^iW + ReSajjW = 0. Note that by 
the Residue Theorem applied to each Tj, we have Resa^^a; = = Ylesx2^- Hence uj is holomorphic 
on each Tj. Since H^{Ti, Kxi)* — H^{Ti,0)* = C, we have uj\Ti is either nowhere vanishing or 
identically zero. We choose a basis {'ipi,'ip2} of "H^'^ such that ^i|ti / 0, ^i|t2 = and ^2|ti = 0, 
V'2|t2 / 0- Then we extend {^i,'i/'2} to be a basis {ipvp,i,'il^vp,2} of '^^^^p Since ip2\Ti = 0, we 
need to study the behavior of ipvp,2\Ti carefully in order to derive the conditions for b = [C, u] G 
VytT{X, A, J) r]Tf^i^{X,A,J). Write the local coordinate at the node as {{z,w) G C'^,zw = vp}. 
Assume in a small neighborhood of the node Ti and T2 are given by the coordinate planes {z = 0} 
and {w = 0} respectively. Suppose ■02|t2 = dz and V'2|ti = 0. We construct an approximately 
holomorphic one-form ilJvp,2 on {T,p,vp) as follows: First note that the one-form -02 = dz has the 
form tp2 = —^dw in the ii;-coordinate. Then we choose a meromorphic one-form uj on Ti with 
only one pole at xi of order two such that its principle part is —^dw. By the Residue Theorem 
applied to (Ti, cu), we have the expansion of u near xi as u = vp{—:^ + uq + aiw + ■ ■ ■)dw, where 
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Oj G C is independent of for each i > 0. Now we define 

V^.P,2 = (1 - /3|.H(kl))V'2 + P\vp\{\z\)uJ, (5.84) 

where P is given by (j3.5p . Then V'»;p,2 is a globally defined one form on (Sp, vp) and it is holomorphic 
outside the annulus A = {\vp\2 < \z\ < 2\vp\^} = {^\vp\^ < \w\ < \vp\^}. Inside the annulus A, 
we have 

'4>vp,2 = vpP\yp\ (j:^^ (°^o + aiw H )dw. (5.85) 

Since u £ H^{Ti, 0(2) ^Xj'^)*, it has at most two zeros on Ti. In fact if u has / zeros, then we have 
uj G H°{Ti,0{2-1)(E)Kt,)* = provided / > 2. Note that we have \\di^vp,2\\{Ep,vp),LP < C\vp\^^^ 
for some constant C independent of vp and p > 2, where near the node x we use the cylinder-like 
metric. Since 9 is a first-order elliptic operator, it follows from the standard elliptic estimate that 
we can find a one-form e on Sp such that ||e||(Sp,j;p), w^-p ^ Ck\vp\ and ipvp,2 = V'dp,2 + e is 
holomorphic. Thus as vp converges to 0, we have ■^4'vp,2 will C°°-converge to :^ipvp,2 outside 
small neighborhood U of the node xi in Ti. In fact, this holds since both -^i>vp,2 and -^ipvp,2 are 
holomorphic outside U and two holomorphic functions are C'^-close implies they are C°°-close. We 
construct il>vp,i similarly. 

Now we fix an /i* G x{T) and let {V'i;p,i) V'«p,2} be a basis of W^'^ constructed as above such 
that '4'vp,i{xh^{v)) / and ipvp,2{xh,iv)) = 0. Note that in the proof of the theorems in §5.1-5.3, 
we only use < Ck where m is the order of y as a zero of ^pyp 2 and I £ N. By the above 

construction, -^^^ will C -converge to -^^^ outside small neighborhood U of the node xi 

i>i""V^(.y) 

in Ti. While is independent of vp. Hence Theorem 5.4.1 holds in this case by a similar 

■^vp,2iy) 

argument as in §5.1-5.3 by considering expansions of the approximately J-holomorphic curves. 

At last we sketch the proof of the general case. Firstly we glue certain rational components 
in Sp to obtain Sp which belongs to one of the above cases. Then we use the above to show the 
theorem holds. ■ 

5.5 The principle component Sp is not smooth and tx^,[Sp] 7^ 

In this subsection, we consider the case that the principle component Sp is not smooth and ti* [Sp] 7^ 
0. The simplest example in this case is given by the second figure in Figure 2.1. 

We denote by S the union of components of Sp which are mapped to constants such that each 
connected component of S has genus greater than zero. Since deg(n|£p) 7^ 0, S consists of exactly 



50 



two connected components Si and S2, each one is mapped to a constant, e.g. the two tori in Figure 
2.1. Note that we have 



Let Si = Sp \ S2 D Si and S2 = Sp \ Si D S2, e.g. the left torus with the central sphere or the 
right torus with the central sphere respectively in Figure 2.1. Denote by 

s« ^ Si u s(2) ^ Si u 

where Xh is the attaching node of the bubble tree e.g. the genus-one curve obtained form C by 
removing the right torus together with all the bubbles descendent from it or removing the left torus 
together with all the bubbles descendent from it respectively in Figure 2.1.. Then both S^^) and 
S^^) are nodal Riemann surfaces of genus one. Denote by Sp^ and Sp^ the principle components 
of S^^^ and S*^^-* respectively, e.g. the two tori in Figure 2.1. 

We only consider the simplest case that both Sp^ and Sp^ are smooth tori, i.e., as illustrated 
in the second figure in Figure 2.1, the general case follows similarly as explained in §5.4. For 
V = {b,v) e J^tI^ sufficiently small and (Vi^Vi, ^2®V'2) S (re^(E^)X(g)?t:°'(\))e(ret,(E2)X(g)W°'(\)), 

P 

we define RviVi -01,^2 i'2) G r°'^(u as the following: if z G S^ is such that Qvi^) £ '^b,h 
for some h G x(S(i)) as defined in (fOH]) and \qsHqviz))\ < 2(5t(6), we define Uv{z) £ T„(Ei)-^ by 
ex.p^Y;_^-^Uy{z) = Uy{z). Given z £ S^,, let hz be such that qv{z) £ ^b,h^- w £ T^S^,, put 

0, if Xs{i)^z = 2; 

p{6T{b)\q,z\){^iUw)Uj,^^z)Vi, if xj:whz = l; (5.86) 

{ipi\zw)Vi, if xj:whz = 0, 

where XsW is defined similar to (j5.7p with respect to the bubble type S*^^-* and Il^i^i^z) is the parallel 
transport along the geodesic 1 1— > exp^^^i) iu^iz) with respect to the Levi-Civita connection of the 
metric to, {u(Si),u{E2)}) which are flat near (m(Si) and n(S2). We define RvV2'ip2 similarly. Note that 
since n*[Sp] 7^ 0, there must be a rational component h between Si and S2 such that ti*[S/i] 7^ 0, 
thus the map Rv{Vi ipi,V2'^ 1P2) is well-defined. Let T±{v) be given by the formula in §4. 
Comparing with the previous sections, we have the following: 

Lemma 5.5.1. Suppose T is a bubble type given by (iv) of Theorem 2.9 and n=K[Sp] 7^ 0. 
Then for every precompact open subset K of ^t{X,A,J), there exist 5k, Ck G o-nd an open 
neighborhood Uk of K in X2^k{X, A, J) with the following properties: 

(i) For every \b] £ X2 ^, J) H Uk, there exist v = (6, v) £ J^T^k I jc(o) ' "'^^ ^ ^ ) such 
that \\C\\v,p,i < Sk and [exp„^ C] = [&]]• 



RvViipi\zW 
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(ii) For every v = (b,v) G •^'^'^^ | ^(o) ; we have 

CK^m\v,p,i<\\D.av,p<CKm\v,p,i, ^^ev+iv), (s.s?) 



(in) For every v = (6, v) G J^T^^l^^^o) and rj = {Vi ® ipi, V2 ® V'2) £ ^^(^' u*TX), we have 

\\D:R,rj\\,^co<Cib)l \pi\^)\+ E \Ph\^)\]M\2- (5.88) 

\hex(s(i)) /iex(s(2)) / 

' — '9 

(iv) For every v = {b,v) G jrT^^|j^(o) and r] = {Vi (8iV'i)^2 (8iV'2) £ Hj,{C,u*TX), we have 



hex(s(i)) /iex(s(2)) 
< C7^|t;|-|p(t;)|-||7?||, (5.89) 

where D^^^b is given by 115. 3\} and p^f^\v) is given by 113. 30) with respect to the bubble type S^*^ 
Proof, (i) and (ii) hold by a similar argument in [Z2]. 

We prove (iii). Note that by §3.2, the gluing construction (j3.30p in the principle component 
Sp coincide with the gluing construction in S^^^ or S^^^ as bubble types of genus-one by replacing 
the term qs{Ph,(xu,Vh)i^)) in P-17p by (t)~l^i{Ph,{xh,vn)){^))^ i-e-, we have ^^,1(6 = Qsi^)- Thus the 
proof of Lemma 5.2 remains valid, which yields (iii). 

We prove (iv). By the construction of and ii^, we have {djUy, RyT]) = outside the annuli 
A~^f^{\vh\) for h G x(S(^))Ux(S^^^). Hence we have 

{(pju^, Rvr]))v,2= E / {djUy,Ryr]). (5.90) 

Now we consider S^^^ and S^^) separately. Then the proof of Lemma 4.3 in |Zlj can be used to 
obtain an expansion 



{{dju., R.v))v,2 = - E V^)({dI% ,V'i}((#,,ra)wlj(i)(,J-Vl'^(^)) 



m>l,/i6x(S(l)) 



^ (<^&,v^2)({i?J;;U^^^V'2}((#,,r(^)(,)i,(.)(,))-vf^(-)) 



m.>i,/iex(s(2)) 

where T^'^\h), x^^{v), p^l\v) are the maps as in Lemma 5.1 with respect to the bubble type E^*^ 
for i = 1 or 2. Hence (iv) holds by the same argument as in Lemma 5.4. | 

-0 

For any v = (6, v) G TT , let 



aTMv)= E {Dl!^b)Mpi\v)), aT,2{v)= ^ i^^K b)Mpf\v)) (5-91) 
hex(s(i)) /iex(s{2)) 
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The following is the main result in this subsection. 

Theorem 5.5.2. Suppose T is a bubble type given by (iv) of Theorem 2.9 and m=k[Sp] ^ 0. 
Then one of the following must hold: 

(i) An element b = [C, u] G dJlriX, A, J) n dJl2^/.{X, A, J) if and only if aT,i{v) = and 

— -0 

0(T,2{v) = for some v = {b,v) G J^T^^\^(^(,y In particular, TIt{X, A, J) (1 ^!Ul2 k{X , A, J) is a 

smooth orbifold of dimension at most dim dJl^^l. {X , A) — 2. 

(a) An element b = [C, u] G TlxiX, A, J) H ^4, J) must satisfy: there exists Hh C Sp 

such that Uh factor through a branched covering u : S'^ X, i.e., there exists a holomorphic 

branched covering (j) : S'^ ^ S'^ such that = u o cj) and deg{(j)) > 2. 



Proof. Let Sk be given by Lemma 5.5.1. For each v = {b,v) G •^'^'5^^ |^{o) n we define the 
homomorphism 

<'i :rO'i(^;)^r°y(6p), <'iC = - Yl (^,i?.e|Vi)e|V', Gr°y(6p), (5.92) 

l<i<n,l<j<2 

where ipi and ip2 ai"e orthonormal basis for "H^'i ^^'^ ^^'^ {e|}i<i<n, i<j<2 are orthonormal 
basis for T^(^y,.-^X. Denote the kernel of vrJJ'i by T^^{v). Then by Lemmas 5.5.1 and the same 
argument as in Lemma 5.5, we have 

vr°'i(u,C) = 7r°'i(5jUt, + D^C + XvC) = aT,i(v) + aT,2{v) +e{v,C), 

and 

\\e{v,0\\ < Ck{\v\ + \\C\\v,p,iMv)\ < Ck\v\-^\p{v)\, 

where we use notations in Lemma 5.5. Hence in order to satisfies (j5.2ip . we must have aT,iiv) = 
and aT,2iv) = provided \v\ is sufficiently small. 

The converse is similar to the previous by using (ii-a), (ii-b) and (ii-d) in Definition 1.1. | 

6 Study for MriX, A, J) in (iii) of Theorem 2.9 

In this case we have cokerDi, = H^{C ,u*TX) = by Theorem 2.10. The simplest examples in 
this case are illustrated in Figure 2.3. 

We denote by Si the union of components of Sp which are mapped to constants such that Si 
is connected and has genus one, e.g. the tori on the left hand side of the two figures in Figure 2.3. 
Then we have 

H^{C,u*TX)^T,,^^^)X®n%l. 
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Denote by S^^^ = Si U {T^ }xhe^i- Then E*^^) is a nodal Riemann surface of genus one. Let 
xiT) = {/i : |Sh C Sp \ El, nod{h) n (Si n Sp \ Si) / 0}, where nod{h) denotes the nodes on h. 



For h e x{T), X G A{h) = nod{h) n (Si n Sp \ Si) and m e M, define 

«^"*" = (^^s^s'"" " *^!<^» I „,„.,.o • 

where (f)x,i is given by (j3.30p and the covariant derivatives are taken with respect to the standard 
metric s + it £ C and a metric 5x, u(Si) on X which is flat near u(Si). Here Tix,i = h and Sx,o 
is the component in Si containing x, we identify T^^o^x.o ^-nd T^^^iS^j^i with C via 0a;, o and (j)x,i 
respectively. For example, h is the right sphere in Figure 2.3 with |A(/i)| = 2 or 1 respectively in 
Figure 2.3. 

We study the case that the principle component Sp^ of S^^-* is a smooth torus, the general 

-0 

cases follow similarly as explained in §5.4. For v = (6, v) G J'T St sufficiently small and Vi^} € 
T ®H 'n), define R^Vip £ r°'^(u y) as follows. If z G is such that Qv{z) ^ ^b,h foi" some 

h G x(S(^)) and k^H^fC-^))! < 25t(6) or /i G x(r), x E A(/i) and |(/>x,i(9t'(^))l < 25t(6), we define 
Ut,(z) G T„(5]i)Ar by exp„(5^^-) IIt,(z) = ^1,(2;). Given z G S„, let hz be such that g^(z) G ^b,hz- If 
to G T^S^, put 

0, if Xe(i)^2 = 2; 

RvV^PUw = I (3{6T{b)\q,z\){^Uw)U^^(,)V, if /i. GXswU^r); (6.2) 

(V-Uw)!/, if XT.whz = 0, 

where Xs(i) defined similar to (|5.7p with respect to the bubble type S^^) and Iiu^(^z) is the parallel 
transport along the geodesic 1 1— > exp^^^^^^ tuy{z) with respect to the Levi-Civita connection of the 
metric (7x,u{Si) given by Lemma 3.4. Let T±{v) be given by the formula in §4. 
Comparing with §5, we have the following lemma. 

Lemma 6.1. Suppose T is a bubble type given by (Hi) of Theorem 2.9. Then for every precom- 
pact open subset K of TlriX, A, J), there exist 6k, Ck £ and an open neighborhood Uk of K 
in X2,fc(^) ^) J) with thr following property: 

(i) For every [b] G '£\j^{X,A,J) n Uk, there exist v = {b,v) G ^'^'s^IkW '^''^d C £ r+(t;) such 
that \\C\\v,p,i < 5k and [exp„^ C] = [b]]- 



(a) For every v = {b,v) G .FT^^|^(o), we have 

C^'||ei|.,p,i < \\DMkp < CkUIUp,!, G T+{v), (6.3) 
(Hi) For every v = (b, v) G Sj^ \ ^(o) and V ®ip £ T'ej,(2^)X (g) Ti-^'li) , we have 

\\D*MV®n\v,c^ 
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< C{b)i \P^\v)\+ E \Ph\v)\]\\V^^\\2- (6.4) 

(iv) For every v = (b,v) € .FT^^^,|^(o) and F V ^ ^ev(Si)-^ ® 'H^'li), we have 



< Cxb|-|/5(7;)|-||l/®V'l|, (6.5) 

where p^^\v) is given by i3. 33\) with respect to the bubble type S*^^^ for h G x(^*'"'^^) '^'^'^ Ph\'^) ~ 
p^^{v)vx for h G x(2^)i 2; G A{h). Here denotes the component in Si which contains the node x 
and Pl^{v) is given by h'j. 3^) with respect to the bubble type . 

Proof, (i) and (ii) hold by a similar argument in |Z2] . 

As in Lemma 5.5.1, (iii) follows from the proof of Lemma 5.2. 

We prove (iv). By the construction of and R^, we have {dju^, Rv{V ^p)) = outside the 
annuh A-f^{\vh\) for h G x{^^^^)^x{T) where ^-^,(^^1) = ^c,&Aih)qvH{\<Px,iiqvi^))\ < 2|^^x|^}) for 
h G x{T). Hence we have 

i?,(F®V)».,2 = E / {dju,,Ry{V<S)ij)). (6.6) 

Then the proof of Lemma 4.3 in [Zlj can be uesd to obtain an expansion 



{{dju,,R.iV®mv,2 = - E (^^^^'^)f{^ri), ,V'}((#,,ra)wl^(i)M)-Vi'^(^)) 



m>l,'iex(S(i)) 



where T^^\h), x^i^\v), p^f^\v) are the maps as in Lemma 5.1 with respect to the bubble type S^^^ 
and T''^\h), 'x^^\v)^ Ph^i'^) defined similarly with respect to the node x. Hence (iv) holds by 

the same argument as in Lemma 5.4. I 

- — '% 

For any v = {b, v) G , let 



aT{v)= E {D']lh)i^{p^^\v)) + Yl {D^I''mpt\v))- (6.7) 
hGx(s(i)) hex{T),xeA{h) 

The following is the main result in this section. 

Theorem 6.2. Suppose T is a bubble type given by (iii) of Theorem 2.9. Then one of the 
following must hold: 
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(i) An element b = [C, u] G dJlxiX, A, J) n 97t2 ki-^^ J) ^/ '^^^ ^''^^V ^/'^t('^) = for some v = 

— -0 

{b,v) G J-Tg^\j^j^Qy In particular, DJIt{X, A, J) ndJl2 i^{X, A, J) is a smooth orbifold of dimension 

at most dim (X, A) — 2 . 

(a) An element b = [C, u] E TIt{X, A, J) nTt^f,{X,A,J) must satisfy: there exists S/j C Sp 
such that u^:[T,p] = n*[S/i] and Uh factor through a branched covering u : Y,' ^ X , i.e., there exists 
a holomorphic branched covering (f) : T,fi ^ T,' such that = u o (j) and deg(0) > 2. 

-0 

Proof. Let 5k be given by Lemma 6.1. For each v = {b,v) G TTg^\j^^o),, we define the 
homomorphism 

Trji : T^^\v) ^ r'/ibp), TrJiC = - J] ii,e,V)e,V G r°'\6p), (6.8) 

l<i<n 

where ip is an orthonormal basis for 'H^'\i) and {ej}i<j<n is an orthonormal basis for TuiY.i)X. 
Denote the kernel of vrJJ'i by r'|;^(t;). Then by Lemmas 6.1 and the same argument as in Lemma 
5.5, we have 

vr°'i(v,C) = 7r°'i(5ju^ + D^Q + = ariv) +e{v,C), 

and 

116(1^,011 < Ck{\v\ + \\C\\v,p,iMv)\ < Ck\v\"^\p{v)\, 

where we use notations in Lemma 5.5. Hence in order to satisfies (|5.2ip . we must have axiv) = 
provided \v\ is sufficiently small. 

The converse is similar to the previous and we only sketch it here. We have the following two 
cases: 

Case 1. If \{x £ ^(h)} h<^x{T)\ = ^2}! = 2, e.g. the first figure in Figure 2.3. 
If |x(2^)l = |{^}| = 1) then by (ii-e) in Definition 1.1, we have (i) or (ii). In other cases, we have 
(i) by (ii-a), (ii-b) in Definition 1.1. 

Case 2. // |{x G ^{h)}h&x(T)\ = ll^ll — ^-d- second figure in Figure 2.3. 

In this case, by (ii-e) and (iii-b) in Definition 1.1, we have (i) or (ii). | 

7 Proof of the main theorems 

In this section we give the proofs of the main theorems. 

Proof of Theorem 1.2. The theorem follows by §2, 4, 5 and 6. I 
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Proof of Theorem 1.3. If 6 = [C,u] belongs to (i) of Theorem 1.2, the boundary component 
TIt{X, a, J) n dJt2,ki-X, A, J) is a smooth orbifold of dimension at most dim9Jl2*I(^) A) — 2 . 
If 6 = [C,u] belongs to (ii) of Theorem 1.2, then we have 

evimriX, A, J) nTf2,k{X, A, J)) c ev{mT'{X, A' , J)) 

where T' is the bubble type of genus g corresponding to C By (i) and (iii-a) in Definition 1.1, we 
have 

dimTlT'{X,A'.J) = 2{ci{TX), A') + 2(n - 3)(1 -g) + 2k- 2nr,od{C')- (7-1) 
On the other hand, by (jl.ip we have 

dimMS(X, A) = 2{ci{TX), A) - 2{n - 3) + 2k. (7.2) 

By (ii) of Theorem 1.2, we have O^A-A' = mA^, where [C2, na] G a?t° o(^, ^2, J)- Thus we have 

dim9JlT'(^,^',./) < dimM2*I(X,^) - 2 (7.3) 

provided dimX = 2n < xmu{N + 6, 2A^ + 6}. Hence 9JtT(^,^, J) nM°fc(X,^, J) serves as a 
boundary component of WS^^ k^X^ A, J) in the sense of pseudocycle, cf. Definition 6.5.1 of [MSj . | 
Proof of Theorem 1.4. Suppose u : T, ^ X factors through an m-fold cover S' — > X, where 
m > 2. Denote the space of equivalence classes of such maps by 9Jts',m- Then we have 

ev{mj,,,^) C ev (ml,, (^X, ^, ^ (7.4) 

where g is the genus of S'. Note that we have 

dim 971°^ (^X, < dimm2^l{X,A) - 2 (7.5) 

provided dimX = 2n < min{A^ + 6, 2A^ + 6} since g < 1. Hence ef(9Jts',m) will not intersect 
^1 X • • • X /ifc in general position. | 
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